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Robust linearization scheme by structural state feedback for a quadrotor
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Abstract

In this work a feedback linearization technique is
proposed, to carry it out to linearize the dynamic
model of the quadrotor, a change of variable is
introduced that maps the nonlinearities of the system
into a nonlinear uncertainty signal contained in the
domain of the action of control and is applied to the
dynamic model of the quadrotor. To estimate the
nonlinear uncertainty signal, the Beard-Jones filter is
used, which is based on standard state observers. To
verify the effectiveness of the proposed control
scheme, experiments are carried out outdoors to
follow a circular trajectory in the (x,y) plane. This
presented control scheme is suitable for unmanned
aerial vehicles where it is important to reject not only
non-linearities but also to seek the simplicity and
effectiveness of the control scheme for its
implementation.

Linearization, Trajectory tracking, Quadrotor
aircraft

Resumen

En este trabajo se presenta una técnica de
linealizacion por realimentacion para linealizar el
modelo dindmico del cuadricoptero, para llevarla a
cabo, se introduce un cambio de variable que mapea
las no linealidades del sistema en una sefial de
incertidumbre no lineal contenida en el dominio de la
accion de control y se aplica al modelo dindmico del
cuadricoptero. Para estimar la sefial de incertidumbre
no lineal se utiliza el filtro Beard-Jones, el cual se
basa en observadores de estado estdndar. Para
verificar la efectividad del esquema de control
propuesto, se realizan experimentos en exteriores
para el seguimiento de una trayectoria circular en el
plano (x,y). Este esquema de control presentado es
adecuado para vehiculos aéreos no tripulados donde
es importante rechazar no solo las no linealidades
sino también buscar la simplicidad y efectividad del
esquema de control para su implementacion

Linealizacién, Seguimiento de trayectoria,
Cuadricéptero
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Introduction

One type of rotary-wing aerial vehicle that has
received considerable attention in recent years is
quadrotor. These small unmanned helicopters
have the capability of vertical takeoff and
landing and hovering. Due to their compact size,
high maneuverability, and autonomous flight,
they have become a standard platform for aerial
robotics research around the world.

Unmanned aerial vehicles can be used in
many applications such as: earth science, search
and rescue, border surveillance, industrial
inspection, agriculture, research, etc. This is due
to its ease of deployment, low maintenance cost,
and hover capability. Unmanned aerial vehicles
have been introduced academically as the
subject of research projects. The basic dynamic
model of the quadrotor is the starting point for
all studies carried out. More complete dynamic
models have also been obtained by including
engine dynamics and aerodynamic effects (Dong
et al, 2013), (Hoffmann et al, 2007).

Recently, there has been a great interest
in finding simple and effective control schemes
for unmanned aerial vehicles (UAVs), capable
of rejecting non-linearities and unexpected
structure changes. These control schemes must
be simple and effective, since they must be
programmed in the autopilot incorporated into
the quadcopter.

In the literature you can consult the
different control techniques that have been
evaluated, among them are the Proportional-
Derivative (PD) controller (Michael et al, 2010),
(Can Dikmen et al, 2009), Proportional-Integral-
Derivatice (PID) controller (Bouabdallah et al,
2004), (Li et al, 2011), backstepping controller
(Madani et al, 2006), (Huo et al, 2014), non-
linear H-infinity controller (V. Raffo et al,
2010), LQR controller (Bouabdallah et al, 2004),
sliding modes control and non-linear controllers
with nested saturations (Castillo et al, 2005),
(Escareno et al, 2006).

A natural and simple control scheme for
these non-linear systems is to use the classical
Taylor approximation. This is indeed a very
simple approach. However, the corresponding
techniques must be restricted to a small
neighborhood of a fixed reference point.
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Under some restrictive assumptions
related to external disturbance, this technique
can be useful for kinds of regulation problems.
On the other hand, it is not recommended, for
example, in tracking control problems. Another
simple control scheme is the exact input-output
linearization technique. This analytical approach
requires a complete knowledge of the parameters
of the dynamic model, as well as the
corresponding derivatives.

Orientation and trajectory tracking
control designs based on an inner/outer loop
control structure have been presented for normal
flight conditions (Li et al, 2010). A robust
controller based on the time scale separation
approach has been proposed to achieve
automatic take-off, hovering, trajectory tracking,
and landing missions for a quadcopter (Liu et al,
2014). A state feedback solution is presented to
the problem of stabilizing a quadcopter along a
predefined trajectory in the presence of constant
force disturbances. These disturbances are
estimated through the use of adaptive
backstepping (Cabecinhas et al, 2014).

A double closed-loop disturbance active
rejection control scheme is presented to address
some difficult control problems in the
quadcopter such as non-linearity, strong
coupling, and disturbance sensitivity (Zhang et
al, 2018).

This work presents the development and
implementation of a control scheme capable of
rejecting the non-linearities of the system and
compensating for unexpected changes in
structure.

Methodology
Dynamic model

To obtain the dynamic model, we consider the
quadrotor as a rigid object in three-dimensional
space, subjected to a main force and three
moments. A rigid body in three-dimensional
space has the following generalized coordinates

(=[]
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whereé =[x ¥ Zz]T € R3 denotes the
position vector of the center of mass of the
quadrotor relative to the inertial reference frame
I.n=[¢p 6 yY]' € R® expresses the Euler
angles with respect to the inertial reference
frame, ¢ is the roll angle around the x axis, 6 is
the pitch angle around the y axis and  is the
yaw angle around the z axis (Garcia et al 2012),
(V. Cook, 2013). The positive directions of these
angles are chosen according to the right hand
rule.

The equations that describe the
translational and rotational dynamics are:

d?x/dt? U, (CpSeCy + SpSy)
m |d?y/dt?| = [uz(cpSeSy = Spy) (2)
d?z/dt? u,(cpce) +mg

Jii =1 = C(,mn 3)

where m is the mass of the quadcopter,
u, is the main control input or main force applied
to the vehicle which is generated by the four
rotors, 7 = [T¢ Te Ty]T € R3 represents the
roll, pitch and yaw moments, ] acts as the inertia
matrix for the total rotational kinetic energy of
the quadrotor, C(n,7n) is known as the Coriolis
term and contains gyroscopic and centrifugal
effects associated with 7.

Incremental model

In order to compensate for gravity, the following
control law is proposed:

u, = Au, —mg 4)

The expressions of the translational and
rotational dynamics are obtained:

[d?x/dt? —0g Gy

dzy/dt2]=[¢>g + |4y (5)
| d%z/dt> TR B P

(d%¢p/dt? uy/Lx| 199

dze/dtz‘ = qu/lyy + |40 (6)
d2yp/dt?]|  |uy/l.| 19

Where

dx =09 — qxx9 + %Auzcbcx
qy = —¢g — dyy9g + %AuzCIyy (7)
dz = —qzz9 + %Auzqzz
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And

Axx = C¢Sgclp + S¢S¢

Tyy = CpSeSy — S¢pCy (8)
qzz = CpCo

)
[qe = )~ O~ Cndi (9)
Qy

where q,, q, and q, describe the non-
linear part of the translational dynamics, g4, qs
and qy describe the non-linear part of the
rotational dynamics and u,, = 74, u, = 7 and
Uy, = Ty, are control actions.

State space representations

From equations (5) and (6) the state
representations (i € {x,y, z,y}) are obtained:

d
=X = A + Biwy + 84, ¥; = Cixy, (10)
01 0 o 0 1 0 o0
0 0 —g o 0 0 g o
A, = A, =
x 0 0 0 117 0 0 0 1|
0 0 0 O 0 0 0O
B, = I,y B,,B, = I;#B,,S, =S,,C, = Cy,
0 00 01"
_10 _{10 _ 10
B4, - 0 ;Sy lo 0“le - 0 (11)
L1 01 1
A=Ay =[) o] B.=M;'B. B,=1B,S,=
S, = B, Bz_[(l)],czzcwz (1) (12)

where x, =[x dx/dt 6 do/dt],
x,=[y dy/dt ¢ do/dt], X, =
[Z dZ/dt]T, X¢=[1/1 dd}/dt]T’ Qox =

T T
[Qx QQ] I qoy = [qy q¢] ' qOZ = qZ ’
4oy = qy- The nonlinear signals qy, qy, q;, ¢,
qe qy Were defined in (7) and (9).

Locally stabilizing feedback

To locally stabilize (10)-(12), the state feedback
gain vectors were obtained using the LQR
design, that is, the optimal feedback gain matrix
is obtained by solving the Riccati algebraic
equation:

ATP, +PA; —PB;(p;)7'B{P;+Q; =0 (13)

BLAS-SANCHEZ, Luis Angel, GALINDO-MENTLE, Margarita,
QUIROZ-RODRIGUEZ, Adolfo and LICONA-GONZALEZ, Marlon.
Robust linearization scheme by structural state feedback for a quadrotor.
Journal of Experimental Systems. 2021



Article

16
Journal of Experimental Systems

where i € {x,y,z,} and:

100 0

Q=0Q,=90[0 0 % 0| Q=

- 0.0 0 2.25

[0 023]’%_ 0 0.6] (14)
1 1

px=py=1,pz=m,p¢=1%oo (15)

Solving (13) with (11), (12), (14) and
(15) for i€ {xy,zyY} we obtain for the
following state feedbacks:

u; = Fx; +u;, 1 € {x,y} (16)
and
u; = Fi(Xi - )_(i); i € {Z' l/)}' (17)

the optimal state feedback gain vectors:

F,=[30 3243 —171.92 -45.05) F, =
[-30 —32.43 —171.92 —45.05|, F, =
[-140 —69.92], Fy = [-110 —85.24] (18)

Linearization by structural state feedback

Let's consider the following variable change:
& = x; + M;Cm,5,) W (d7 /dt)) qo;(x,u) (19)

where Cov,s) =[S MS M"1s]
dJ

and v, (ﬁ) =
[I 1d/dt lar=1/de" 17,

State representations (10) feedback with
(16) and (18) are written as (i € {x, y}):

4

20 = ArG +Bi(W + 4. (X 1), ¥ =Cil; (20)

Thus, the exact linearization by structural
state feedback is u; = q.;(x;, u;), where Ap, =
A; + B;F; and the nonlinear uncertainty signal
q.; IS:

q.(x;u;) = XiC(Mi,Si)an(dj/dtj) Goi(x, 1) (21)

where the matrices M; and X; are solutions of the
equation:

AFiMi + Bl-Xl- = I (22)

ISSN 2410-3950
ECORFAN® All rights reserved

December, 2021 Vol.8 No.25 13-21
Nonlinear uncertainty signal estimator

To estimate the nonlinear uncertainty signals, an
estimator based on the Beard-Jones filter (V.
Beard. 1971), (Bonilla, M. et al, 2016) is
synthesized for (11):

%Wi = (AKi + Blecl)Wl - (Kl + Ble) Yi,

u; = G/ (C;w;—y) (23)

where Ak, =Ap +K,C; and G =
—(C; A B! fori € {x,y}.

0 0 0 ~Qia
1 0 0 ~4gs _
Ari=10 1 0 —ai.|" BiT
0 0 1 —G
0 0 Aig — Qi ,
0 0 i3 = Aj,,
0 |'C=lo[-Ki=|ay,—ay,| 9
_g/lyy 1 a1 — aio,l

where a;1, a;,, a;3 and a;, are the
coefficients of the Hurwitz polynomial
Ty, (s) = det(sl — Ap,) = s* + a;,5° +
a; 8%+ a;35 + a4

The transfer function of the closed-loop
system is:

Feu(s) = Fe, (5)(1 = Fe,(5)) (25)
where
Fe () = Ci(sI— Ap) "By = ——  (26)

1-F, (s)=1-G/Ci(sl—Ag,) By =1—
Qigs sﬁwi(s) (27)

Te,(s) e, (s)

where . (s), T, (s) and 7, (s) are
Hurwitz polynomials.

T, (s) = det(sl — Ag,) = s* +a;, 5% +
aio'zsz + aio_?,s + ai0,4 (28)

T (s) =s*+a; s* +a;,s+a, (29)

And the polynomials T (s) and 7, (s)
are related as follows:

T, (5) = 574, (s) + a,, (30)
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Using the root locus procedure, we
obtain:

T, (s) = (s + 1)(s® + 10.25s + 28.125) (31)

Scaling the polynomial (31) for i€
{x, y} by a positive constant g, _we obtain:

T, () = (s + 0, ) (s + 10.250, s +
28.125¢, %) (32)

With o, = 18 experimentally a good
performance was obtained and the polynomial
(32) is:

T, (s) = s* +220.55% + 16078.55% +
387828s + 2952450 (33)

Drift-free estimator

Experimentally, the nonlinear uncertainty signal
estimator (23) performs well when the
quadcopter is hovering. However, when we want
the quadcopter to follow some trajectory in the
(x,y), plane, sometimes the quadcopter exhibits
a drift phenomenon.

To overcome the drift we have proceeded
as in (P. Gavin, P. et al, 1998) and (Horowitz et
al, 1989), shifting the pole of the origin of (23)
slightly to the left of the complex plane. That is,
the root of the characteristic polynomial:

T, (s) = det(sl, — (Ag, + B;G{C;) ) =
STy, (s) = s(s + ay,, s> + a;, ,s +a;,,) (34)

it is shifted to the left. For this, the
parameter ea; , is added, where € is a

sufficiently small positive constant. This
modification of the characteristic polynomial
(34) is achieved by slightly reducing the gain G¢
of the nonlinear uncertainty signal estimator
(23), that is:

d
— Wari= (Ag,+(1 - €)B;G/C; )Wy —

(Ki + (1 = ©)BGY)y;, Tgp; = (1~

)G (C;Wasi—Yi) (35)

where i € {x,y}.
Notice that the characteristic polynomial of

Ak, +(1 — €)B;G{C; has no roots at the origin:
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nwdf_i(s) = det (sl — (AKi-i-(l — e)BinCi))
Ty, (0) = det(Ag,) det(—1— (1 -
€) GAK'B,G!) = - # 0 (36)

From (35) and (20), the closed-loop
system is:

d T€ay,i ear,i
E (i ] _eACLdf:i Zi + BCLiq*ir
daf,i
Vi = CCLl' [ Zi ' (37)

Ag 0

—B.

5] € =10 ca (38)
l

where edf,l- = wdf,i — (l'.

The transfer function of

E(ACLdf,i' Bcr, Cey) is:

1
FCLdf‘i(S) = CCLi (SI - ACLdf_i) Be, =
in (S)(l - Fedf_i (S)) (39)

where:
-1
Fegr(8) = (1~ €)G{C;(sl —Ag,) B; (40)

From (35) and (40) we obtain the polynomials:
Mgy (5) = det (SI — ((Ag+KC) + (1 -

€) BinCi)) = 57,,(s) + €a;,, (41)

Feup () = (1= )y, , /T (5) (42)
Trajectory tracking

For the experiments carried out outdoors when
the quadrotor follows a circular trajectory of 5 m
radius in the (x, y) plane, proceed as follows: the
quadcopter is stabilized locally with the LQR
and robustly linearized with the drift-free
estimators (35), an optimal state trajectory is
synthesized to go from a local stationary point to
the next local stationary point of the circular
trajectory and finally the circular trajectory is
partitioned by a finite set of local stationary
points.
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The local stabilizing feedbacks (16) and
the drift-free estimators (35) are written as:

w; = Fi(x; —x;) + gy (43)
d

—wys; = (Ag,+(1 — €)B;G{C; )Wy —

(K; + (1 — ©)B;G)Ci(x; — x}), Ugp; = (1—
€)G! (C;wys; — Ci(x; — x})) (44)

where i € {x,y} and together with (18)
and (24). We want to solve the following control
problem, let the linear systems described by the
state representations (cf. (10), (11), (16) and
(18)), consider the linear description in state

space'
d

dt AFX + Bul,

i € {x,y} (45)
where Ag, = A; + B;F;, i € {x,y}, such
that the pairs (A, B;) are controllable (cf. (11)).

Let x;(t) be a partition of the desired
trajectory for i € {x,y}, t € [0,Tf] at N +1
stationary points, that is:

Nsp; = (R0, X1, X500 s Xy} X (KT5) = X ; (46)

where k € {0,1,2, ..., N}, NT; = Ty and
i € {x,y}; T is the trajectory sampling time and
T is the flight time.

We are interested in finding minimum
norm control inputs u; such that the solution
trajectories, starting from the stationary point
x; (kTs) = xy ;, reach the next stationary point in
finite time, that is: xj((k+1)Ts) = X(xi1y,
where Ty is the given sampling time, T, > 0.

This classical minimum norm problem
consists of finding the vector closest to the origin
that lies in a finite codimension manifold, in a
Hilbert space, and is solved with the help of the
projection theorem.

According to Theorem 2 of Section 3.3
of (G. Luenberger, 1969), the control input u;
to solve the problem has the form:

u; (t) = —Fp,(Ts — t)%i_ri exp(AFiTS)XO,i ,
i €{xy}teE[0,Tf] (47)

Where

Fr, = Bl exp(ALt),
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W, = [ FL (T, —0)Fp,(T,—dr  (48)

From (45), (47) and (48) we obtain for all
time intervals [kTs, (k + 1)Ty), k e
{0,1,2,...,(N — 1)}, the following optimal
trajectories:

X; () = exp (A, (t = KT, ) R + [, FE (£ —
DB (&, 1)v dr (49)

Where

B (6,7 = Fe(t — W7,
Viei = X(k+1),i — EXP(AFiTs) Xpe,iv
)_(;;,l' = A?;‘pi,i € {X, y} (50)

We are interested in following a circular
trajectory:
X2 + .0 —r)? =7r? (51)
this is:
X, (t) = r,sin(wst)

Y*(t) = T*(l - COS((A)St)) (52)

where w; = 2m/T;. Partitioning Ty in N
points we obtain (t = (k/N)T, k €
{0,1,2,..,(N - D}

(xk o Xy) = r([sin(ay)  wscos(ay)

(”f) sen(a) () cos@l” [(1-

cos(ak))

wssin(@) (%) cos(y) (%) sin(@)l™  (53)
where a; = 2mk/N.

Results

Experimental platform

The quadcopter used in the experiments is built
on a carbon fiber structure with a length of 498
mm. The Pixhawk flight controller has the
following features: a 32-bit STM32F427 Cortex-
M4F microprocessor with FPU, 168 MHz, 256
KB of RAM and 2 MB Flash. It has the 12C,
PWM interfaces, 5x UART serial ports, two
ADC inputs, Spektrum DSM and Futaba inputs.
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It has the following sensors integrated:
magnetometer, barometer, two accelerometers
and two gyroscopes. Use an external Ublox Neo-
M8N GPS with compass. To power the
electronics and motors, LiPo batteries with a
capacity of 4000 mAh, three cells and a
discharge rate of 45C are used. The quadrotor's
propulsion system is composed of four 16-pole
4220-880Kv motors and four 11x4.5-inch
propellers.

Figure 1 Quadrotor

Experimental results

The experimental results performed outdoors are
presented to follow a circular trajectory tracking
of radius r, =5m in the (x,y) plane. We
consider the following steps: the quadrotor is
stabilized locally with the state feedbacks (43)
for i € {x,y,y} and for i = z we use (17) and
(18). The quadcopter is robustly linearized with
the drift-free estimators (44) for i € {x,y, ¥}
together with (24), (33) and € = 1/50. The
circular trajectory for tracking is generated with
the help of (48), (49), (50) and (53) with r, =
S5mandTs; = 1s.

A circular trajectory (51) was followed
with radius r, = 5 m, sampling time T, = 1s
and a partition of N = 20 points, that is: T; =
20 s. Graphics 2 to 4 show the results obtained
when the locally stabilizing feedbacks (43) are
applied with and without the drift free estimators
(44). In Graphic 1 the trajectory obtained is
compared with the desired circular trajectory. In
Graphic 2 the trajectories (x,y) obtained are
compared with the reference trajectories. The
tracking error e.(t) is shown in Graphic 3:

e(®) = ()~ .0 + 00 - .0 (54)
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Graphic 1 Circular trajectory tracking in the (x, y) plane
with a radius of 5m in 20s (N =20y T, =15). (a)
Application of locally stabilizing feedbacks together with
drift free estimators. (b) Applying only locally stabilizing
feedbacks.

Graphic 2 Comparison of the trajectories in (x,y) with
the references. (a) Application of locally stabilizing
feedbacks together with drift free estimators. (b) Applying
only locally stabilizing feedbacks.

o9 '\I ’i.' I ‘nl _ ' |

=<V Tra

< iV “'.\ M 2

Graphic 3 Comparison of tracking error e.(t). (a)
Application of locally stabilizing feedbacks together with
drift free estimators. (b) Applying only locally stabilizing
feedbacks.

When the locally stabilizing feedbacks
(43) are applied together with the drift free
estimators (44), we obtain the maximum error
peak |lec|l, = 0.5463 m and the mean square
error |lecllyms = 0.2992 m where:

”ec”p = tér[%)a’l)‘(] ec(t),
L f

ec(t) = /ifj T e2(t)dt (55)
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When only locally stabilizing feedbacks
are applied (43) we obtain the maximum error
peak |leq|l, = 0.9493 m and the mean square
error |le;|lyms = 0.5534 m.

Conclusions

In this article it was shown that a non-linear
system modeled by the state representation (10)
can be transformed to the state representation
(20). In (10) the non-linearities characterized by
the non-linear disturbance signal vector q,;,
which acts through S;. In (20) the nonlinearities
are characterized by the non-linear uncertainty
signal vector q,;, acting directly through B;. This
transformation is achieved by the change of
variable (19), which exists under conditions of
torque controllability (A;, B;). Since now the
nonlinear uncertainty signal q,; (21) acts
through B;, then it can be canceled directly by
the control input u;.

The exact linearization is based on the
analytical reconstruction of q,;; but if this is not
possible, it can be estimated. For this, the
nonlinear uncertainty signal estimator (23) was
proposed based on the Beard-Jones filter, whose
objective is to robustly reject the nonlinear
uncertainty signal q.;.

Trajectory tracking was addressed and it
was found that there is a drift phenomenon when
we want the quadcopter to follow some
trajectory in the (x,y) plane, to overcome this
quadcopter drift phenomenon, it was proposed to
shift slightly to the left of the plane complex to
the pole at the origin of (23), obtaining the drift
free estimator (35).

To circular trajectory tracking in the (x,
y) plane, an optimal state trajectory was
synthesized (49) and the circular trajectory was
partitioned into a finite set of local stationary
points (53).

In the outdoor experimental results when
the quadcopter follows a circular trajectory of
radius 5 m in the (x,y) plane, an appreciable
reduction in tracking errors was obtained when
applying the drift-free estimators.
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