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Abstract

This article presents a detailed methodology for applying the most
common methods in solving high-order ordinary differential equations in
the simulation of electrical circuits. The methods analyzed include the
Laplace transform, the direct method in the time domain, the z-transform,
the finite difference method, and methods based on difference equations.
A detailed development of each of these methods is provided, along with
practical examples that demonstrate their application in specific electrical
circuits. The examples include: a circuit modeled with a second-order
ordinary differential equation, a circuit modeled with a third-order
ordinary differential equation, and an electrical network whose modeling
results in an eighth-order ordinary differential equation. The article
compares the results obtained with each method, using the Laplace
transform solution as a reference. A deep analysis of the deviations
between the methods is conducted, considering different time steps and
parameters, allowing conclusions to be drawn about the effectiveness and
accuracy of each approach.

Analysis of solution methods for high order ordinary differential
equations used in electrical circuits

Objetives | Methodology | Contributions |

Analysis of higher order ordinary
differential equations.

Numerical calculation of the roots
that give the solution to the
differential equation.

Root error analysis with respect to
numerical methods.

Implementation and analysis of:
Analytical solution
Semi-analytical solution
Solution by numerical methods

Application to electrical circuits

Deduce the proposed methods
for solving high-order ordimary
differential equations.

Obtain the equations of state
that model an electrical circuit.

Program the resulting equations
in MaiLab or any other language.

Compare the results obtained
from the implementation of all the
proposed methods.

The application of the following
methods is presented:

The Laplace transform

The direct methed in the time
domain

The 2 transform

The finite difference method

Methods based on  difference
equations

The article compares the results
obtained with each method, using
the Laplace transform solution as a

A E e e o reference.
r«mn_rrvv\_rw\,\_rvvv* T‘,W\_nr‘r\'\l T depth. amatpsts of tho
o . ot . deviations between the methods. is
wa(PD) d " carried out, comsidering different
l increments of time and parameters.

Differential equations, Laplace transform, Z-
transform, Newton differences

Resumen

Este articulo presenta una metodologia detallada para la aplicacion de los
métodos mas comunes en la resolucién de ecuaciones diferenciales
ordinarias de alto orden en la simulacion de circuitos eléctricos. Los
métodos analizados incluyen la transformada de Laplace, el método
directo en el dominio del tiempo, la transformada z, el método de
diferencias finitas y los métodos basados en ecuaciones en diferencias.
Se provee un desarrollo detallado de cada uno de estos métodos,
acompafiado de ejemplos practicos que demuestran su aplicacion en
circuitos eléctricos especificos. Los ejemplos incluyen: un circuito
modelado con una ecuacién diferencial ordinaria de segundo orden, un
circuito modelado con una ecuacion diferencial ordinaria de tercer orden,
una red eléctrica cuyo modelado resulta en una ecuacion diferencial
ordinaria de octavo orden. El articulo compara los resultados obtenidos
con cada método, utilizando la solucién de la transformada de Laplace
como referencia. Se realiza un analisis profundo de las desviaciones entre
los métodos, considerando diferentes incrementos de tiempo y
parametros, lo que permite llegar a conclusiones sobre la eficacia y
precisién de cada enfoque.

Analisis de métodos de solucién de ecuaciones diferenciales
ordinarias de alto orden con aplicacién en circuitos eléctricos

Objetivos | Metodologia | ] Contribuciones |

Anilisis de ecuaciones diferenciales Deducir los métodos propuestos a la Se presenta la aplicacion de los
ordinarias de orden superior. resolucién de ecuaciones diferenciales  siguientes métodos:

Calculo numérico las raices gue  ordinarias de alto orden. La transformada de Laplace
dan la solucibn a la ecuacién Obtener las ecuaciones de estado El método directo en el dominio
diferencial. que modelan un circuito eléctrica. del tiem

Andlisis de error de las raices Programar las ecuaciones La transformada z
respecto a los métodos numéricos. resultantes en MatLab o cualquier El método de diferencias finitas

Implementacion y andlisis de: otro lenguaje. Los métodes basados en

Solucién analitica Comparar los que se en di
Solucién semi-analitica obtiene de la implementacién de El  articulo compara los
Solucién por métodos numéricos  todos lo métodos propuestos. resultados obtenidos con cada
Aplicacién a circuitos eléctricos método, utilizando la solucién de
Ia transformada de Laplace como

4 = e 2, e referencia.
I—'IMYWT‘NV‘JWY‘ ! Se realiza un anilisis profunde
. . de las desviaciones entre los

() : ST Gl métodos, considerando diferentes
l incrementos  de  tiempo  y

parimetros.

Ecuaciones diferenciales, Transformada de Laplace,
transformada z, Diferencias de Newton
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Introduction

Most of the physical phenomena that can be
modeled with physical-mathematical
formulations evolve in space and/or in time.
Although there is a wide range of phenomena
that only evolve in space or in time. In a natural
way, some systems have a dynamic that stores or
transfers energy in some of all its forms;
mechanical, kinetic, potential, gravitational,
acoustic, electrical, thermal, chemical, magnetic,
nuclear, radiant, wind, solar, hydraulic or light.
The physical-mathematical relationships of
these systems are commonly modeled using
differential equations; either partial if it depends
on more than one independent spatial or space-
temporal variable (Xiang et. al.) and/or ordinary
if it only depends on a single independent
variable, whether spatial or temporal. On the
other hand, for the case of systems that depend
on a single variable; the number of elements that
store or transfer energy defines the order of the
equation or the size of the systems of equations
that model the physical phenomenon (Salas et.
al.).

This work focuses on the modeling of
concentrated electrical systems (Lathi, B. P.),
that is, that only evolve in time; thus, the
resulting model will always be a high order
ordinary differential equation (HOODE).

The solution methods that have been
developed were initially applied to simple or
low-order equations; thus, intuitively the first of
them was developed by Leonard Euler. It is
worth mentioning that Isaac Newton gave
mathematical formality to integro-differential
calculus, which is why the first formal analytical
formulation occurred with the formation of
group theory for differential equations.
Obviously, Pierre-Simén Laplace, a century
later, established the entire theory for the
solution of this type of equations using what is
now known as the Laplace transform.

Years later, the z-transform theory was
developed, which is based on the series by Pierre
Alphonse Laurent. From this theory a method
called difference equations was developed that
takes advantage of the discrete plane scheme
obtained from the application of the z-transform.

ISSN: 2410-3454.
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Solution methods for high-order ordinary
differential equations

Normally an ordinary differential equation is
solved analytically; the main reason is that this
result is associated with a more precise solution
(Saadeh, R. et. al.) and (Golmankhaneh, A. K.,
& Bongiorno, D.). However, in the case of high-
order ordinary differential equations (HOODE),
the analytical solution involves calculating the
roots of a polynomial of the same order as that
of the differential equation, and this has to be
done numerically, with no option. This
calculation is quite sensitive. In fact, it is not
predictable to know if the final result will have
more error due to the calculation of the roots or
to other types of implementations (Marciniak et.
al.). For this reason, this section deals with the
analytical solution, semi-analytical methods and
numerical methods for the solution of a
HOODE.

Analytical methods

There are two traditional ways of solving a high-
order ordinary differential equation, such as the
Laplace transform, (Hsu, H. P.) and (Wilcox, D.
J.), and its direct solution in the time domain by
applying some method such as the indeterminate
coefficients (Burden, L. R. & Faires, J. D.) and
(Hoffman, J. D.). In this section, both methods
are briefly described as well as the semi-
analytical method of the z transform (Noda, T. &
Ramirez, A.) and some numerical methods such
as that of equations in differences or finite
differences (Williams, P. W.), (Kinkaid D. R. &
Hayes L. J.), (Smith G. D.) and (Strikwerda J.).

Laplace transform

Consider the HOODE with constant coefficients
of the form

N
> aw= 1 (1) (1)
k=0

with w™ (0)=wy' 0<m<M -1,

The Laplace transform of (1) has the
following structure:

kZi:(aksk )W (s)—ZEiskilakw(j) (0))2 F(s) (2)

0 k-0
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Taking into account the initial conditions
and clearing W () from (2) we arrive at,

k-0 \_ j

ZN:(aks")

k=0

5+ S aw )

W (s)= (3)

The solution is obtained by algebraically
expanding (3) to have simple elements to which
the inverse Laplace transform is applied and
arrive at a solution of the form,

w(t)= LW (s)} (4)
Time domain solution

The direct solution of (1) is divided into two
parts: in the first part the equation is equal to zero
and it is proposed that the solution be of the type
(homogeneous solution),

w(t)=w, =e" (5)

Thus, we have that the successive
derivatives are of the form,

W =ref (6)

For 0<k <N, by substituting (1) the
characteristic polynomial or auxiliary equation
is obtained,

daret=e">ar =0 (7)

Since e" =0, then the sum is necessarily
equal to zero; Therefore, by means of the
fundamental theorem of algebra, there are n
solutions (roots) to the HOODE grouped in the
following way,

W =2 c,r'=0 8)

The second part of the solution has to do
with the () of the equation (particular

solution). Here a function of the same type is
proposed as f(t) and the coefficients that adjust

it are found. The sum of both solutions,
homogeneous and particular, make up the total
solution of the differential equation.
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Semi-Analytical methods

It can be said that the z-transform method
iIs semi-analytical since it starts from an
analytical methodology until it reaches a
numerical representation. The transformation
technique is an important tool in the analysis of
signals and linear systems that are invariant in
time (ITLS). The z transform provides a means
of characterizing ITLS and their response to
various signals by the positions of their poles and
zeros. The z-transform of a discrete signal in
time is defined as the power series as,

X(z)= 2 x(n)z™" 9)

n=—o0

where z is a complex variable denoted by
z=Ae' . The previous relationship is called
direct z-transform, since it transforms the signal

x(n) in the complex plane X (z),

X (z)=Z{x(n)} (10)

Note that the z-transform is an infinite
power series, therefore, it only exists for those
values of z for which the series converges.

To carry out the inverse transformation
of an equation in the z-plane, the partial fraction
technique will be used, so we can express the

function X (z), as a linear combination,

X(z)=2 aX.(z), (11)

where X, (z) are expressions whose
inverse transformations are x,(n). If such

decomposition is possible, then x(n) it is the
inverse z-transform of x(z) , by linear
combination of,

x(n)=k2:1akxk(n) (12)

This method is particularly useful if
X (z) itisa rational function, that is

X
—~~
N
~
[l
p
—~
N
~

(13)
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Where it is necessary that the denominator
be of the form D(z)=1+a,z" ' +L+a,z™ .

For simplification it is multiplied D(z)

by the one z" where it —N corresponds to the
greatest negative power, this in order not to have
negative powers in the denominator, so we have,

X(z)=—=F—— (14)
ZN +ZakZN-k
k=1
For this purpose, we first decompose
D(z) into factors containing the poles p, of

X (z).

We have the cases of distinct poles,
repeated poles, and conjugated complex poles; in
this way, for the case where the poles are
different, we have

X(2)=) 2 (15)

and the inverse z-transform of X, (Z) is

obtained by equivalence
Z*{X,(2)}=(p,) u(n), therefore
K(m=u(m) S A () (19)

For the case where we have multiplicity
poles, the inverse transform is of the form,

Z1 Ll =n~t “u(n) 17
(1- pz_l)k p ( )

In the case where we have some complex
conjugated poles then complex exponentials are

produced; However, if the signal x(n) is real, it

is possible to reduce said terms in real
components; if we suppose that for some |

between 1 and N they are had P, and p]f in such
a way that,

% (= A(p)+A (r) Jum)  ag)
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and its combination in real components is,
x; (n)=2|A]l(r, )n cos(nb;+a; Ju(n)  (19)

where A, :‘Aj‘eia" and p; = rjeibj. Thus,
each z-domain conjugated complex pair produces

a causal sinusoidal signal with an exponential
envelope.

For the case where we have a differential
equation of the type,

N k
>a IW_ ) (20)
k=1

the Laplace transform is applied first and

the transition W (s) >W (z) and s — z is made
by means of the trapezoidal or tustin rule

Z(s)ziz—_1 s0, we have,
At z-1
M
> Bz ™"
Wizt
kZ_(;AkZ‘k (21)
ﬂo"'zilﬂl"'"""ziM ﬁM

a0+z_1a1+---+Z_N ay

and thus, the inverse z-transform is found
as w(n)=2" {W (z)}

Numerical methods

The numerical implementation of a high-order
ordinary differential equation is done through
finite differences; the first derivative is
approximated with,

W)= = (22)

The above for a given value of h. From
(23) a recursive form for a derivative of order N
can be obtained as follows,

W(mzle(Nj(-hiN)WMN_k (23)

=K

A linear differential equation of order N

has the form,

Gutiérrez-Robles, José Alberto, Galvan-Sanchez, Verdnica Adriana,
Bafiuelos-Cabral, Eduardo Salvador and De La Cruz-Garcia, Elba Lilia.
Analysis of solution methods for high order ordinary differential
equations used in electrical circuits. Journal of Engineering Applications.
2024.11-32: 1-19

https://doi.org/10.35429/JEA.2024.32.11.1.19


https://doi.org/10.35429/JEA.2024.32.11.1.19

Journal of Engineering Applications

5
December 2024 Vol.11 No.32 1-19

Article
> awl (6)= f (1) (24)

so, the difference scheme for this equation
IS,

Nk (k) a, (-1)

> Z(] k(k ) W, = f, (25)
k=0 j=o\ J h

clearing for w

.y then the following
relation is obtained

(26)

For a concurrence with an equation of
order, initial conditions are necessary, which
generates a unique solution to the differential
equation (1).

Equations in differences

When constructing the mathematical
model of some phenomenon, numerical and
computational questions are interested, choosing
a variable with discrete values. These data would
be elements of a finite set, or failing that, a
countable infinite. For this type of discrete
deterministic models, the most appropriate
mathematical tools to analyze them are the
difference equations whose expression is of the
type,

F(wn+N,Wn+N_1,...,wn+l,wn,n) =( (27)
where the order of this equation is the
value of the difference between the largest with
the smallest of the indices of F. A difference
equation is said to be linear with constant
coefficients if it can be written as,

N

Y aw(n+k)=f(n) (28)

k=0

where a 1R . The objective is to find a

function W(n) that verifies that the equation for
different values takes given values ¢, such that
the solution is unique.
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This is a fundamental system of solutions
of the equation in differences, where the total
solution is a linear combination of these, that is, if

{W,wy,...w| are solutions, then the
combination is solution too. So, we have,

W(n)=chwj (n) (29)

For the equation in difference with
f(n):O, a solution of the type W(n): M s

sought, so when substituting the solution in the
equation we have,

N N
dlar™=r">ar" =0 (30)
k=0 k=0

which implies that,
> ar =0 (31)

where r* are the roots of the equation in
difference. These roots can be simple, repeated or
complex conjugated. So, the solution with

f(n)=0is,
NZ—2
w, (n)=r"p,,(n)+ cr
(=8 () 2, Gk (32)
+r" (b,cos(qn)+b,sen(qn))

with a single pair of complex conjugated
roots r,=a+ib where P=|f| and

O=arctan(b/a) . There is  also
P..(n)=c,+c,n+L+c n™* Where the degree

depends on the multiplicity of the roots. To find
the complete solution it is necessary to estimate
the particular solution which depends on the

nature of the function f(ﬂ) defined in the
equation in difference.

Equation in differences from z

The equation in differences starting from the
transfer function in z is,
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_ kyz" +k 2V L+kz+kK, (33)
ey 2" +c, 2V +L+cz+c,
where M and N are the degree of the
numerator and denominator  respectively,
generally if the bilinear transformation given by
the trapezoidal rule is used, these are the same.

So, multiplying by z™ you get to,

w (z)[cN +cy 2t +L+c 2" +c 2™ ]

34

= F (2)[ky +kya2 '+ LKz ko2 ] (34)
therefore, in differences we have,

c W, +c W, +L+cW, ., +Cc W = )

+k,F

-N+1 0" n-N

I(N I:n +kN-1Fn-l+ L+k1Fn

Equation in differences from finite newton
differences

A linear differential equation

N

aw® (t)= f(t) of order N expressed in
Z K p
k=0

finite differences has the form,

i i(i} ak (h_kl)J Wn+k—j = fn (366')

k=0 j=0

so, if we expand all the terms and group
them algebraically, we will have an equation of
the type

aNWn + aN-an-l + L+ a1Wn-N+1 + aOWn-N = fn (36b)
Application examples

The solution of a high-order ordinary differential
equation depends mainly on the solution of its
characteristic polynomial. Because there are only
methods for calculating roots in an analytical way
up to 5 order, then a strictly analytical exact
solution can only be obtained up to that order.

In this section some cases will be
analyzed. The first one will be a 2" order
equation with exact roots, in this way the
analytical solution will be exact, strictly speaking.
The second will be a 3 order equation with
arbitrary solutions. The third example will be a
fictitious circuit that is represented by an 8" order
equation.

ISSN: 2410-3454.

RENIECYT-CONAHCYT: 1702902
ECORFAN® All rights reserved.

In the first case the initial conditions are
defined to implement all the methods, but for the
other cases the initial conditions are obtained for
the conditions of the case.

First example

This example is constructed from the roots, that
means, the exact solution of the representative
polynomial is known a priori, for that reason it is
possible to construct the analytical solution in
exact form. The HOODE is,

2
a, %+a1%+aov = Acos(awt)+Bsin(at)+C

with
a,=1,a =6,a, =8,A=2B=3C=1Lw=2xf,
f=1~ and T, =8 seconds. The initial

conditions are V(0)=0 and V'(0)=0 . The
roots for this equationare r, = —4 and r, = -2.

Using the Laplace transforms

Applying the Laplace to the HOODE and taking
into account the initial conditions, one obtain:

3, (s (s)-sv(0)-v' (0))+a, (sV (s)-v(0))
ra (5)= ook

So, the transfer function is,

(A+C)s’ +Bws+Ca’
H(s)= s° +6s* +125° + 2452 +32s

Decomposing in partial fractions and
solved we obtain

H (s) _ 0175 0.125 N 0.125
s+4 s+2 S
N -0.087-0.112i N —-0.087+0.112i
s—2i S+2i

Finally in time domain we have

v(t)=0.175¢™-0.125¢™ +0.125+
2¢™ (-0.087 cos(t)+0.112sin (ot ))

Time domain solution

The HOODE is,
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2
az%ﬂy%mov: Acos(wt)+Bsin(wt)+C

The proposed solution in time domain is
as follows,
Vvr (t)=v, (t)+v, (t)=c,e™ +c,e® +b,cos(at)+b,sen(wt)+b,

Time domain particular solution

The particular proposed solution is as follows,
V, (t)=b, cos(et)+b,sin(wt)+b,
V', (t)=—ab; sin(at)+ob, cos(wt)

V", (t)=—w’b, cos(wt)—a’b, sin(at)

Substituting in the ordinary differential
equation (ODE), we obtain

-1

b | |-w’a,+a, W) 0| [A
b, |=| -w’a,+a, -w’a,+a, 0| |B
b, 0 0 a, | |C

which solution yield to
v, (t): —O.175cos(a)t)+0.2258in(a)t)+0.125

Time domain homogenous solution

Using this solution, we have
V; (t)=ce ™ +c,e™ —0.175cos(wt)+0.225sin (wt)+0.125

V' (t)=—4ce ™ —2c,e ™ +w0.175 cos(wt )+ w0.225sin (t)

So, we construct the system of algebraic
equations using the initial conditions as

¢, ] [1 17'[0.175c0s(0)-0.225sin(0)-0.125
¢,| |4 2| | -@0.175c0s(0)-w0.225sin(0)

¢, =0.175

Finally, we obtain and

¢, =-0.125 So, the solution is:
v; (t)=0.175e* —0.125e* —0.175 cos (wt ) +0.225sin (wt ) +0.125

Z-transform solution

The solution in z-plane is constructed from

H (S) , S0 we have
_ (A+C)s’+Bws+Co’
H(s)= §° +65* +125° +245% +32s

ISSN: 2410-3454.
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Then, by using MatLab to construct Hz;
first it is used the instruction “Hs=tf([Ns], [Ds])”
which creates a continuous-time transfer function
SYS as Hs=tf([(A+C) 0*B v %C], [1 6 12 24 32 0]).

Having Hs, we use c2d to compute a
discrete time model Hz, with sample time h, and
with the trapezoidal rule (tustin) that
approximates the continuous time model.

Hz = c2d(Hs,h, tustin’)

W (z) _ kz® +k,2* +k,2° +k,2° + K,z +K,
F(z) cz+c,z'+c,2%+c,22 +c 2+,

H(z)=

Finally, we use the function “residuez” to
find the z-transform partial-fraction expansion of
N(z)/D(z), so we obtain the residues, poles and
direct term as

[r,p,Kp]=residuez(Hz.Numerator{1},
Hz.Denominator{1})

We construct the solution of the HOODE
in z-domain as,

v(t)= rl(pl)ke+r2(pZ)ke+r3(p3)ke+r4(p4)ke+rs(ps)ke
h

with

1<ke <n-1and n=number of samples
. The first sample is corrected with the direct term

K
. v(l):v(1)+Tp |

Equation in differences solution from z

The solution begins with the transfer function of
the left side of the differential equation, so we
have

_ 1
H(s)= s?+6s+8

by using this, in z-domain we obtain

H (z)=W(Z) _ [N122+sz+ NJ 2
F(Z) |:D122+DZZ+D3:| 2_2

Re-arranging we arrives to

V(2)[ D+ D,z +D;z” |= F (z)[ N, +N,z" +N,z7? |

So we have
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DV, + DV # DoV = NiF N F o+ NGF )

Particular solution

Solving for the particular proposed solution, we
obtain

V, =k, cos(MAtn)+k, sin(MAtn)+k,

V,y =k cos(MAL(n=1))+k,sin(MAt (n-1)) +k,

Vo) = ki cos(MAtn)cos(MAt) +k, sin (M Atn)sin (M At ) +
k, sin(MAtn)cos(M At) -k, cos(M Atn)sin (M At) +k,

Viz) =k cos(MAt(n=2)) +k,sin(MAt(n-2)) +k,

Vi o) = k, cos (M Atn)cos(2M At) +k, sin (M Atn)sin (2M At ) +
k, sin (M Atn)cos(2M At) —k, cos(M Atn)sin (2M At ) +k,

and

F, = Acos(MAtn)+Bsin(MAtn)+C

Fosy = Acos(MAt(n-1))+Bsin(Mat(n-1))+C

Foy = Acos(MAtn)cos(MAt)+ Asin (M Atn)sin(MAt) +
Bsin(MAtn)cos(MAt)—Bcos(MAtn)sin(MAt)+C

Fo.y) = Acos(MAt(n-2))+Bsin(MAt(n-2))+C

oz = Acos(M Atn)cos(2M At)+ Asin (M Atn)sin (2M At ) +

Bsin(MAtn)cos(2M At)—Bcos(MAtn)sin(2M At)+C

Substituting these functions in the
equation we construct an algebraic system to
obtain the coefficients as

-1
k1 &, 9, q; b1
kz =18 &, 3 bz

k3 aS,l a3,2 a3,3 b3
Where

a,, = D, + D, cos(MAt) + D, cos(2M At)
a,, =—D,sin(MAt)—D,sin(2MAt)

a,, = D,sin(MAt)+ D, sin(2MAt)

a,, = D, + D, cos(MAt)+ D, cos(2M At)
s =85 =8, =8,,=0

a,,=D,+D,+D,

And

b, = N,A+N,Acos(MAt)+ N,Acos(2M At)
—N,Bsin(MAt)—N,Bsin(2M At)

b, = N,B+N,Bcos(MAt)+ N,Bcos(2MAt)
+N,Asin(MAt)+ N,Asin(2MAt)

ISSN: 2410-3454.
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b, = N,C +N,C +N,C
solving the system, we arrive to
V. (n)=k cos(MAtn)+k,sin(MAtn)+k,

Homogeneous solution

The homogeneous solution is as follows

DV, + D,V + DV =0
taking Vo=t and substituting in the previous

H - n n-1 n-2 _
equation we obtain Pit” + D" + Dt =0 54

t"?(Dt* + Dt +Dyt°) = 0

the solution of this equation yield to
V, (n)=c,r +c,r;

Finally we have

V(n)=cr" +c,r +k, cos(MAtn)+k, sin (M Atn) +k,
By using two solutions to generate a

system to determine the unknown coefficients we
obtain

V (0) = ¢, +c,r)+k, cos(MAt(0)) +k, sin (M At (0)) +k,
V (1) = ¢, +c,r+k cos(M At (1)) +k, sin (M At (1)) +k,

Finally, we construct an algebraic system

ron

{cl}: {rf rzT {v (0)—k, cos(MAt(0)) -k, sin(MAL(0))—k,

' V (1) -k, cos(MAt (1)) —k,sin(MAt (1)) -k,
The total solution is as follows

V (n)=cr" +c,r +k, cos(MAtn)+k, sin (M Atn) +k,
with "=1:N and N=number of samples

Equation in differences solution from
finite NEWTON differences

From the HOODE,
2
a, %+a1%+aov = Acos(wt)+Bsin(wt)+C
we begin with the Newton differences as

d 2V — Vn — 2Vn—l +Vn—2 ﬂ — Vn _Vn-l

dt? h? and dt h
substituting into the equation we obtain
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V. -2V . +V V. -V
az( n r:_zl n—2j+al[nTn—lj+aovn:

Acos(MAtn)+Bsin(MAtn)+C
re-arranging we arrives to

a, C 2a a
R ) R

Acos(MAtn)+Bsin(MAtn)+C

or
QV, +QV,, +QV, , = Acos(MAtn)+Bsin(MAtn)+C

Particular solution

Solving for the particular proposed solution, we
obtain

V, =k, cos(MAtn)+k, sin(MAtn)+k,

Vipy =k COS(MAE(n=1))+k,sin(MAt(n-1)) +k,

Vi = k, cos(M Atn)cos(M At)+k, sin (M Atn)sin (M At ) +
k, sin(M Atn)cos(M At)—k, cos(M Atn)sin(MAt) +k,

V,z) =k c0s(MAt(n-2)) +k,sin(MAt(n-2)) +k,

Vi =k cos( M Atn)cos(2M At) +k, sin (M Atn)sin (2M At ) +
k, sin(M Atn)cos(2M At) —k, cos (M Atn)sin (2M At) +k,

Using these functions in the Newton
difference equation we obtain a system like

1

k| |a, a, a,| [A
k2 = aZ,l a2,2 a2,3 B
k3

8, 8, &, [C

where

a,, = Q, +Q, cos(MAt)+Q, cos(2MAt)
a,, = —Q,sin(MAt)-Q,sin(2MAt)
a,=0

a,, = Q,sin(MAt)+Q,sin(2MAt)

a,, =Q +Q,cos(MAt)+Q,cos(2MAt)
a,=8;,=a,, =0

and &3 = QA +Q +Q;
solving the system, we arrive to
V, (n) =k, cos(MAtn)+k,sin(MAtn)+k,

Homogeneous solution

The homogeneous solution is as follows
len + Q2Vn—1 + Q3Vn—2 = O
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taking Vo= U

previous equation we obtain Q

n-2 2 1 0\ — - -

so UC(QUFRLFQL)=0 e solution of this
_ n n
V,(n)=cr+c,,

and substituting in the
n +Q2tnfl +Q3tn72 :O

equation yield to
Finally we have
V (n)=cr" +c,r) +k cos(MAtn)+k, sin(MAtn) +k,

By using two solutions to generate a
system to determine the unknown coefficients we
obtain

V (0) = ¢, + ¢ 1) +k cos (M At (0)) +k, sin (MAt (0)) +k,
V (1) = i+ c,r+ k, cos (M At (1)) +k, sin (M At (1)) + k,

Finally, we construct an algebraic system

[Cl}:{rf rzo}1{V(O)—kicos(MAt(O))—kQsin(MAt(O))—k3

V (1) -k, cos(MAt(1)) -k, sin(MAt (1)) -k,

The total solution is as follows
V(n)=cyr+c,r) +k cos(MAtn)+k, sin(MAtn) +k,
with 1sn<N and N =number of samples
Solving with different At

Table 1 shows the used At in this equation, this
table numbered each time step, for example the
20" position is associated with At equal to 0.4
seconds.

Table 1
Position of each used At.

Pos | At in sec | Pos | At in sec | Pos | Atin sec
1 2e-07 | 8 4e-05 15 0.008
2 4e-07 | 9 8e-05 16 0.02
3 8e-07 | 10 0.0002 17 0.04
4 2e-06 | 11 0.0004 18 0.08
5 4e-06 | 12 0.0008 19 0.2
6 8e-06 | 13 0.002 20 0.4
7 2e-05 | 14 0.004 21 0.8

Own generation
Note: We denote with green the At for which we obtain
the lowest error and with blue the second At in term of the
obtained error.
— Lowest error for each kind of simulation
— Next error for each kind of simulation

From table 2 to 17 we show all the made
texts to the proposed ordinary differential
equation.
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Table 2
MSE taking the Laplace solution like a reference -
MSEg,ror = abs(sum((Laplace — Method)."2))Ns

Atin Time Z-domain | Differences Differences
sec domain from Z from
Newton
2e-07 1.5921e-30 NaN 1.377e-09 1.2894e-12
4e-07 | 1.5921e-30 NaN 8.4146e-11 4.7858e-15
8e-07 1.5921e-30 NaN 1.922e-12 1.6928e-14
2e-06 1.5922e-30 NaN 1.9879-12 1.0192e-12
4e-06 | 1.5922e-30 NaN 1.0566e-14 8.9919-13
8e-06 | 1.5921e-30 NaN 6.0996e-16 3.9757e-12
2e-05 1.5924e-30 Inf 6.8982e-17 2.3767e-11
4e-05 | 1.5921e-30 | 6.77e+185 | 4.5111e-19 9.5358e-11
8e-05 | 1.5923e-30 | 2.221e+81 | 3.6698e-19 3.8149¢-10

0.000 | 1.5918e-30 | 8.143e+22 | 7.825%-18 2.384e-09
2

0.000 | 1.5919-30 608.15 1.2763e-16 9.5336e-09
0.5100 1.5923e-30 | 0.0023425 | 2.0453e-15 3.8117e-08
0.(?02 1.5907e-30 | 7.1112- 7.989¢e-14 2.3789e-07
0.004 | 1.5916e-30 8.02?7& 1.278e-12 9.4933e-07
0.008 | 1.5936e-30 1.631-(2)3(3- 2.0442e-11 3.7794e-06
0.02 1.5865e-30 6.3ggge- 7.9781e-10 2.3288e-05
0.04 | 1.5846e-30 1.020186-06 1.2749e-08 9.0959¢-05

0.08 1.5896e-30 | 1.6222-
05

0.2 1.5795e-30 | 0.0005917 | 7.9807e-06 0.0018626
0.4 1.5696e-30 | 0.0071934 | 0.00013146 0.0056763
0.8 1.6396e-30 | 0.040308 0.0023949 0.013309

Own generation

Table 3

Area Error taking the Laplace solution like a reference
- AREAg,.,,, = abs(trapz(Laplace) —
trapz(Method))

2.0369e-07 0.00034666

Atin Time Z-domain | Differences Differences
sec domain from Z from
Newton
2e-07 | 3.3307e-15 NaN 5.8501e-05 4.6979e-06
4e-07 | 3.5527e-15 NaN 6.4537e-05 1.1724e-07
8e-07 | 3.5527e-15 NaN 3.5474e-06 4.1911e-07
2e-06 | 3.1086e-15 NaN 5.2728e-06 1.4228e-06
4e-06 | 3.5527e-15 Inf 5.8488e-07 1.8001e-06
8e-06 | 3.5527e-15 NaN 1.4061e-07 3.7146e-06
2e-05 | 3.5527e-15 | 1.16e+163 4.5574e-08 9.1643e-06
4e-05 | 3.3307e-15 | 6.213e+92 2.8457e-09 1.8345e-05
8e-05 | 3.5527e-15 | 4.944e+40 2.2008e-09 3.6691e-05
0.000 | 3.3307e-15 | 5.674e+11 5.8192e-10 9.1725e-05
2
0.000 | 3.5527e-15 105.86 2.4506e-09 0.00018344
4
0.000 | 3.3307e-15 0.28607 1.0252e-08 0.00036683
8

0.002 | 3.5527e-15 | 0.016371 6.3911e-08 0.00091676
0.004 | 3.5527e-15 | 0.0001480 | 2.5434e-07 0.0018324
0.008 | 3.5527e-15 | 2.515e-05 1.007e-06 0.0036602
0.02 3.1086e-15 | 0.0001467 | 6.1051e-06 0.0091137
0.04 3.3307e-15 | 0.0005948 | 2.3251e-05 0.018088
0.08 3.5527e-15 | 0.0024562 | 8.4909e-05 0.035502
0.2 3.3307e-15 0.01734 0.00043589 0.081493
0.4 8.1086e-15 | 0.080994 0.0016637 0.12587
0.8 3.1086e-15 0.20659 0.0079006 0.038226

Own generation

ISSN: 2410-3454.
RENIECYT-CONAHCYT: 1702902
ECORFAN® All rights reserved.

Box 4
Table 4

Percent Error taking the Laplace solution like a
reference
% grror = abs(sum((Lap — Method)/

max(Lap)))/Ns
Atin Time Z-domain | Differences Differences
sec domain from Z from
Newton
2e-07 | 1.0409e-15 NaN 1.7834e-05 1.4321e-06
4e-07 | 1.0409e-15 NaN 1.9674e-05 3.5739%-08
8e-07 1.041e-15 NaN 1.0814e-06 1.2776e-07
2e-06 1.041e-15 NaN 1.6074e-06 4.3374e-07
4e-06 1.041e-15 Inf 1.783e-07 5.4876e-07
8e-06 | 1.0409e-15 NaN 4.2865e-08 1.1324e-06
2e-05 1.041e-15 | 3.55e+162 | 1.3893e-08 2.7937e-06
4e-05 | 1.0409e-15 | 1.895e+92 | 8.6749%-10 5.5924e-06
8e-05 | 1.0405e-15 | 1.506e+40 | 6.7092e-10 1.1185e-05
0.000 | 1.0413e-15 | 1.730e+11 | Q1.7746e-10 2.7963e-05
2
0.000 1.0403e-15 32.275 7.4757e-10 5.5924e-05

4
0.000 | 1.0404e-15 0.087199 3.1292e-09 0.00011184
8
0.002 | 1.0383e-15 | 0.0049899 1.9546e-08 0.00027957
0.004 | 1.0392e-15 4.508%- 7.804e-08 0.000559
05
0.008 | 1.0394e-15 | [7.528e-06 3.1101e-07 0.0011174
0.02 1.0277e-15 4.2586e- 1.9243e-06 0.0027881
05
0.04 1.0186e-15 | 0.0001643 7.5938e-06 0.0055527
0.08 1.0132e-15 | 0.0006169 2.9947e-05 0.010978
0.2 9.6246e-16 | 0.0034557 0.00019556 0.025719
0.4 8.7295¢-16 0.015162 0.0010144 0.043009
0.8 7.1562e-16 0.059835 0.0057003 0.029467

Own generation

NOTE: The results that are highlighted are those with the
lowest error for each presented method.

Table 5
MSE using f=60 Hz

MSEg,ror = abs(sum((Laplace —
Method)."2))/Ns

Method ’ Time ‘ Z-domain ‘ Difference ‘ Differences
domain sfrom Z Newton
Error | 6.1124e-33 | 3.5386e-10 | 2.9712e-17 4.245e-14
Position | 15 15 7 4
Error | 6.1493e-33 | 4.0871e-10 | 1.1584e-16 | 5.5324e-14
Position | 13 16 8 2

Own generation

Table 6
Area Error using =60 Hz
AREAg, o = abs(trapz(Laplace)

— trapz(Method))
Method ‘ Time ‘ Z-domain ‘ Difference | Differences
domain s from Z Newton
Error 4.4409-16 | 8.5023e-08 | 2.6795e-08 | 7.7232e-07
Position 15 14 7 4
Error 4.4409-16 | 1.1263e-07 | 3.9154e-08 1.0162e-06
Position 18 15 8 2

Own generation

Gutiérrez-Robles, José Alberto, Galvan-Sanchez, Verdnica Adriana,
Bafiuelos-Cabral, Eduardo Salvador and De La Cruz-Garcia, Elba Lilia.
Analysis of solution methods for high order ordinary differential
equations used in electrical circuits. Journal of Engineering Applications.
2024.11-32: 1-19

https://doi.org/10.35429/JEA.2024.32.11.1.19


https://doi.org/10.35429/JEA.2024.32.11.1.19

Journal of Engineering Applications

11
December 2024 Vol.11 No.32 1-19

Article

Box 7

Table 7

Percent Error using f=60 Hz

Ygrror = abs(sum((Lap — Method)/

max(Lap)))/Ns
Method Time Z-domain | Difference | Differences
domain s from Z Newton
Error 5.8716e-16 | 6.3457e-08 | 2.679e-08 7.7216e-07
Position 15 14 7 4
Error 5.8937e-16 | 6.8251e-08 | 3.9146e-08 1.016e-06
Position 13 15 8 2

Own generation

Box 8

Table 8

MSE using A=2e20, B=3e20 and C=1e20 -
MSEg or = abs(sum((Laplace —
Method)."2))/Ns

Method Time Z-domain | Difference | Differences
domain s from Z Newton
Error 1.6838e+1 | 8.0817e+3 | 3.6698e+2 | 4.7858e+25
0 0 1
Position 13 14 9 2
Error 1.6838e+1 | 1.6423e+3 | 4.5111le+2 | 1.6928e+26
0 1 1
Position 15 15 8 3

Box 9

Table 9

Area Error using A=2e20, B=3e20 and C=1e20 -
AREAg,,o, = abs(trapz(Laplace) —

trapz(Method))
Method Time Z-domain | Difference | Differences
domain s from Z Newton
Error 3.2768e+0 | 2.515e+15 | 5.8189%+1 | 1.1724e+13
5 0
Position 2 5 10 2
Error 3.2768e+0 | 1.4674e+1 | 2.2008e+1 | 4.1911e+13
5 6 1
Position 6 16 9 3

Box 10

Table 10

Percent Error using A=2e20, B=3e20 and C=1e20 -
Ygrror = abs(sum((Lap — Method)/

max(Lap)))/Ns
Method ‘ Time ‘ Z-domain | Difference | Differences
domain s from Z Newton
Error 7.9708e-16 | 7.528e-06 | 1.7745e-10 3.574e-08
Position 21 15 10 2
Error 9.3418e-16 | 4.2586e-05 | 6.7091e-10 | 1.2776e-07
Position 20 16 9 3

Box 11
Table 11
MSE with A=2e20, B=3e20, C=1e20 and F=60 Hz
MSEg,,or = abs(sum((Laplace — Method)."2))/Ns

Method Time Z-domain | Difference | Differences
domain s from Z Newton
Error 5.8712e+0 | 3.5386e+3 | 2.9712e+2 4.245e+26
4 0 8
Position 16 15 7 4
Error 5.9091e+0 | 4.0871e+3 | 1.1584e+2 | 5.5325e+26
7 0 4
Position 17 16 8 2
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Box 12
Table 12
Area Error using A=2e20, B=3e20, C=1e20 and F=60
Hz
ARE Agyror = abs(trapz(Laplace) — trapz(Method))

Method Time Z-domain | Difference | Differences
domain s from Z Newton
Error 49152 8.5023e+1 | 2.6795e+1 | 7.7232e+13
2 2
Position 1 14 7 4
Error 49152 1.1263e+1 | 3.9154e+1 | 1.0162e+14
3 2
Position 4 15 8 2

[270)4

Table 13

Percent Error A=2e20, B=3e20, C=1e20 and F=60 Hz
Ygrror = abs(sum((Lap — Method)/

max(Lap)))/Ns
Method Time Z-domain | Difference | Differences
domain sfrom Z Newton
Error 5.7701e-16 | 6.3457e-08 | 2.679e-08 | 7.7216e-07
Position 16 14 7 4
Error 5.7985e-16 | 6.8251e-08 | 3.9146e-08 | 1.016e-06
Position 17 15 8 2

Box 14
Table 14

Errors using different values for A, B, C and F
A=2, B=3, C=1 and F=1/pi Hz.

Kind of Time Z-domain | Difference | Differences
error domain sfrom Z Newton

RMSg,ror 20 14 9 2

19 15 8 3
AREAg, o 20 15 10 2

4 16 9 3
YoError 21 15 10 2

20 16 9 3
Box 15
Table 15

Errors using different values for A, B, C and F
A=2,B=3, C=1 and F=60 Hz.

Kind of Time Z-domain | Difference | Differences
error domain sfrom Z Newton
RMSp,.o, 15 15 7 i
13 16 8 2
AREAg,,, 15 14 7 4
18 15 8 2
Yokrror 15 14 9 2
13 15 8 3
Box 16
Table 16

Errors using different values for A, B, Cand F
A=2e20, B=3e20, C=1e20 and F=1/pi Hz.

Kind of Time Z-domain | Difference | Differences
error domain s from Z from
Newton
RMSg o i3 14 9 2
15 15 8 3
AREAg,,, 2 il 10 2
6 16 9 3
YoError 21 15 10 2
20 16 9 3
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Table 17

Errors using different values for A, B, C and F
A=2e20, B=3e20, C=1e20 and F=60 Hz.

Kind of Time Z-domain | Difference | Differences
error domain s from Z from
Newton
RMSg,ror 16 15 4 4
17 16 8 2
AREAg, .4 1 14 4 4
4 5 8 2
YError 16 14 4 4
17 15 8 2
Findings

Errors are calculated according to the equation
shown in the header of each table. In the case of
MSE, the difference between samples is
calculated, squared and added; For the case of
area error, the area under the curve is calculated
with the trapezoidal rule and the absolute
difference is obtained. Thus, analyzing the
results obtained, the following was found:

1. The solution in time compared to
Laplace are practically identical, the
differences are due to the fact that
numerical computation in binary is of
finite length and therefore has an
inherent error.

2. The foregoing is noticeable when seeing
the RMS error in which it decreases
because as the delta t increases, the
samples decrease, but the area error is
correspondingly similar for all cases.

3. The Z transform depends on the delta t
used, so for the case of a very small delta
t the methodology is indeterminate, as
the delta t grows it stabilizes numerically
until it reaches its maximum precision,
then as the delta t increases it loses
precision.

4. The difference equation, starting from
the Z transform, increases precision as
delta t grows until it reaches a point
where more and more precision is lost.

If all the results are analyzed, it is
concluded that, at least for this equation, there is
no delta t that is suitable for all implementations.
Figure 1 and 2 shows graphically one of these
results.
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Solution by using A=2, B=3, C=1 and F=1/pi Hz
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7
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+ Error differences in Newton * 1e2

*
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Figure 2
Error by using A=2, B=3, C=1 and F=1/pi Hz

Second example

This example (figure 3) is constructed from the
roots, that means, the exact solution of the
representative polynomial is known a priori, for
that reason it is possible to construct the
analytical solution in exact form. The HOODE

IS,

3 2
dv, dv, D((jj\t/+ Ev = Acos(at)+Bsin(at)+C

at*  dt?

with C€=200 , D =4040004 . E=40000
A=-10000w* ~ B=-2000000w C=0 gnd Tas=4
seconds. The initial conditions,

v=0, v"=0 and v"'=0
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Cl=1pF
1€
L=250mH 2 1004H
GD cos(2m50t) %RI:IOO MQ %R3:1 Mo T
R2=50 MQ

Fi_gure 3
Electrical network used in this example

Using the Laplace transforms

Applying the Laplace to the HOODE and taking
into account the initial conditions, one obtains:

As Bw
$°+Cs’ +Ds+E=———+—
sP+0’  s+w

2

So, the transfer function is,

As+Bw
H(S):ss+ks“+kss+ksz+ks+k .
1 2 3 4 5 with
k =200  k,=4182126 Kk, = 28464460

k, =574174674126 k, =5684892135

,and

Decomposing in partial fractions and
solved we obtain

(s)_—O0LB2-008BOI _  -0.0182+0.0880i
s+(-99.99+2007.48i) * s+(—99.99 - 2007.48i )

~0.4950  0.2657-+0.4784i 0.2657-0.4784i

s+(-0.0099)  s-376.99i 5+376.99i

Finally in time domain, with
r, = —99.9950 + 2007.4867i :

r, = —99.9950 - 2007.4867i and r, = —-0.0099, we
have

v(t)=(-0.0182-0.0889i )e ™ +(-0.0182+0.0889i )& +
(—0.4950)e ™™ +2¢™ (0.265791c0s (wt ) —0.478450sin (wt))

Time domain solution

The HOODE s,

3 2
d—;/+Cd—;/+ DVt Ey= Acos(wt)+Bsin(wt)
dt dt dt

The proposed solution in time domain is
as follows,
Vv (t)=ce™ +c,e™ +ce™ +b, cos(wt)+b,sin(wt)
Time domain particular solution
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The particular proposed solution is as follows,
v, (t)=b,cos(at)+b,sin(wt)

which solution yield to
v, (t) =0.53158co0s(wt)—0.9569sin (wt)

Time domain homogenous solution

Using this solution, we have the total solution as:
v (t)=ce™ +c, e +c,e™' +0.5315¢05(wt)-0.9569sen (wt)

by using this proposed solution with
L =-99.99+2007.5i , r,=-99.99-2007.5i ,
r,=—0.0099 , and the initial conditions, to

generate the algebraic system, we obtain:
¢, =-0.0182-0.0889 , c, =—-0.0182+0.0889

and c, =—0.4950 ; so, the final solution is,
v; (t)=(-0.0182-0.0889)e™ +(-0.0182+0.0889)e™
—0.4950e™ +0.5315c0s ( wt ) —0.9569sin (ot )

Z-transform solution

The solution in z-plane is constructed from ™ (S),
so we have
H ( ) B As+Bw

s +k,s* +k,5° +k,s* +k,s+k,
Then, by using MatLab to construct Hz; first it is
used the instruction “Hs=tf([Ns], [Ds])” which

creates a continuous-time transfer function SYS
as,

_ Hs=tf([A w*B], [ki k2 k3 ks ks])

Having Hs, we use c2d to compute a discrete time
model Hz, with sample time h=8x10"°, and with
the trapezoidal rule that approximates the
continuous time model.

- Hz = c2d(Hs,h, tustin’)

So, we have

_ —3.61e°7°-1.09e °z* - 7.45¢° 7°+ 6.88e °z% +1.06e °z +3.55¢ *
7° -4.9587* +9.8587° —9.8262% +4.911z — 0.9842

Finally, we use the function “residuez” to
find the z-transform partial-fraction expansion of
N(z)/D(z), so we obtain the residues, poles and
direct term as
[r,p,Kp]=residuez(Hz.Numerator{1},
Hz.Denominator{1})
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We construct the solution of the HOODE
in z-domain as,

v(t)= rl(pl)ke+r2(pZ)ke+r3(ps)ke+r4(p4)ke+rs(ps)ke
h

with r, =2.125e° +3.826e°i
r, =2.125e° —3.826e°i r, =—3.960e°
r, =—1.457e° —7.068e"°i ’ |
r,=—1.457e° +7.068e°%i p, =0.999+0. 030,
p, =0.999-0.030 p3—1 p4—0979+0158
s =0.979- 0.158 ’ Kp—O  l<ke<n-1
and N = number of samples e first sample is
corrected with the direct term as,
v(1)= v(1)+%

Equation in differences solution from z

The solution begins with the transfer function of
the left side of the differential equation, so we
have

1
H (S) =3 2
s° +200s- +4040004s + 40000

. H{(s) . _ % . .
by using () with N=4x10" "in z-domain we
obtain

_V(z)
)
[7.997e’18z3 +2.399e 7% +2.399e 72 +7.997e 7 | ;3
B [2°-2.9992 +2.9982 - 0.999 ] I
that is
1 -2 3
H(Z):v z) [N +Nz'+Nz? +N,2° |

F(z) [D,+D,z" +D,z” +D,z° |

Re-arranging we arrive to
V(z)[ D,+D,z* +D,z% +D,2* |= F (z)[ N, + N,z +N,z* +N,z* |

So we have

DV, + DV + DV + DV = NiF, +N,F L+ NF o+ NG

Particular solution

Solving for the particular proposed solution, we
obtain

V, =k, cos(MAtn)+k, sin(MAtn)+k,

Vi = ki cOS(MAt(n=1))+k,sin(Mat(n-1))+k,
=k, cos(MAt(n—2))+k,sin(MAt(n-2))+k

and
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F, = Acos(MAtn)+Bsin(MAtn)+C
Fos) = Acos(MAt(n—1))+ Bsin(MAt(n-1))+C
= Acos(MAt(n-2))+Bsin(MAt(n-2))+C

Fi)

Substituting these functions in the equation we
construct an algebraic system to obtain the
coefficients. So, we arrive to

V, (n)=0.53158cos (M Atn)—0.9569sin (M Atn)

Homogeneous solution

The homogeneous solution is as follows
DV, + DZV(M) + D3V(n7 yt D, V =0

taking and substituting in the previous equation
we obtain
Dt"+D,t" ' +Dt"?+D,t"* =0

SO
t"*(Dt* + D,t* + Dt + D,t°) = 0

the solution of this equation yield to
—_ n n n
V, (n)=c, +c,n) +cyr,
with r, = —99.9950 + 2007.4867

r, = -99.9950—-2007.4867 and == —0.0099.

Finally, we have
\ (n) =C,I +C,1, +Cyhy
+0.53158cos( M Atn ) —0.9569sin (M Atn)

By using three solutions to generate a
system to determine the unknown coefficients we
obtain

V (n) = (~0.018279-0.088938i )1;" +(—0.018279 +0.088938i ),

—0.49502r,' +0.53158c0s (M Atn)—0.9569sin (M Atn)
with "=1:N and N=number of samples

Equation in differences solution from finite
Newton differences

From the HOODE,

d®v _dv . _dv :
8 @t g T AV Acos(wt)+Bsin(wt)
substituting into the equation Newton difference,

with h=8x10" \we obtain

QV, +QV,, +QV, , +QV, , = Acos(MAtn)+Bsin(MAtn)
with

Q, =1953442550005040128

Q, =-5860005050005001216
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Q, =5859687500000001024 and
Q, =-1953125000000000256

Particular solution

Solving for the particular proposed solution, we
obtain

V, =k cos(MAtn)+k, sin(MAtn)

Using these functions in the Newton difference
equation we arrive to
2780

Vp(n):ﬁcos(M

Atn)—%sin(MAtn)

Homogeneous solution

The homogeneous solution is as follows
len + Q2Vn—1 + Q3Vn—2 + Q4Vn—3 = O

taking V»=' and substituting in the previous
equation we obtain

Qltn +Q2tn—1 + Q3tn—2 +Q4tn—3 - 0

SO

QLT+ QL + Q' + Q") =0

the solution of this equation yield to
v, (n)=¢, 12110 | 74 Y (12110 74 , o (1)
12111 46085 12111 46085

Finally we have
—_ n n n
V(n)=c,r+c,r, +c,r

+@cos(l\/l Atn)—%sin (MAtn)
5231 674

By using two solutions to generate a
system to determine the unknown coefficients
we obtain the solution as follows

( 39 290 .\(12110 74 .Y
Vin)=|-——————i || = +——i
2117 3261 ) 12111 46085

+ _ﬂ+@i @_li '
2117 3261 )\ 12111 46085

7ﬂ(1)" +@COS(M Atn)f%sin(M Atn)
1019 5231 674

with n=1:N and N =number of samples

Figure 4 and 5 show the solution for some
specific values by using all methods, while
figure 4 shows the resulting solution, figure 5
shows the errors taking the Laplace method like
a reference.
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Solution by using A=2, B=3, C=1 and F=1/pi Hz
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Error taking Laplace like a reference

Table 18 shows the solution for each
method, this table only shows the two times
steps for which we obtain the best solutions
and/or the lowest errors.

Table 18

Errors using different values for A, B, C and F
A=-led*w"2, B=-2e6*w, C=0 and F=60 Hz.

Kind of Time Z-domain | Difference | Differences
error domain sfrom Z Newton
MSEg, .| 4.7435e-26 | 0.0082716 | 9.1915e-13 | 2.2021e-07
19 9 5 3

4.7794e-26 0.09869 2.786e-12 1.2037e-06
12 10 6 4

AREAg,,, 4.6567e-19 0.02863 2.9443e-06 | 0.0018132
8 18 6 3

2.2205e-16 | 0.034245 | 3.2246e-06 | 0.0042225
9 17 5 4

%Error | 1.1081e-17 | 0.015567 | 1.1536e-06 | 0.00071045
10 12 6 3

9.9914e-17 | 0.017007 | 1.2635e-06 | 0.0016545
12 15 5 4
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Third example

The circuit in figure 6 is a classic example of a
[1-cascade that can come from the adjustment of
a line, for this case fictitious values were used to
show the HOODE methods. The circuit begging
in repose conditions, means, the inductors and
capacitors are discharged.

e T T T 1
Figu?e 6 } }
Electrical circuit with R=2 3, L=0.5H and C=0.1 F

The first step is to obtain the transfer
function or high-order equation that defines the
circuit, this is obtained by analyzing the circuit
and is the following:

9 169 4 2369 10369V 4120769V 1 560609 Y 4
dt’ dt’ dt® dt® dt* dt’

2
176000% + 320000% +160000 =160000sin (t)

This equation has the following roots:
r, = —2+8.1634i,r, = —2—-8.1634i,r, = -2+ 6.5533i

r,=—2-6.5533i,r, = -2+4i,r, = -2—4i,r, =-3.26
and r, =-0.73996 ; so, with initial conditions
equal to zero, the solution is as follows.

Using the Laplace transform

The analytical solution can be obtained by two
different methods, the one with indeterminate
coefficients or using the Laplace transform,
regardless of which one is used, the solution
obtained is:

v(t) = 2e™ [ -0.0008cos(8.1634t ) +0.0015sen (8.1634t ) |
+2e7[0.0053cos(6.5533t) - 0.0077sen (6.5533t ) |
+2e*'[-0.0354cos(4t) +0.0243sen (4t) |

~0.1022¢%'+0.7677¢ ™
+2[-0.3019cos (t)-0.0037sen(t) |

Time domain solution

The proposed solution in time domain is as
follows,

Vv (t)=ce™ +ce™ +ce™ +c,e™ +ee

st

+ce™
+c,e" +c,e™ +b, cos(wt)+b, sin(«t)
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Time domain particular solution

The particular proposed solution is as follows,
v, (t)=b, cos(at)+h,sin(wt)

which solution yield to

v, (t)=-0.60377 cos(wt)-0.0074264sin(wt)

Time domain homogenous solution

Using this solution, we have the total solution as:
Vi (t)=ce™+ce™ +ce ™ +ce +oe ™

+C6e—r6t +c7e—r7t +C8e—r8t

~0.60377 cos( wt) —0.0074264sin (t )

by using this proposed solution with
r, =—2+8.1634i , r, = —2-8.1634i ;
r,=—2+6.5533i, r,=—2-6.5533i , rp,=-2+4i,
r,=-2-4i, r,=-3.26, ,=-0.73996 , and the
initial conditions, to generate the algebraic
system, the final solution is,

vy (t) = (~0.0008-0.0015i )™ +(~0.0008 - 0.0015i )™
+(0.0052+0.0076i )¢ +(0.0052 - 0.0076i) ™
+(~0.0353-0.0243i )& ™ +(~0.0353+0.0243i )& ™

—0.10217e™" +0.7677e™"
—0.60377 cos(wt)—0.0074264sin(wt)

Z-transform solution

The first step to obtain the solution using the z-
transform technique is to obtain the transfer
function in z from the function in s, with

h =8x107%, from here we obtain:

7.679x10™°z"° +7.679x10°2° +3.456x10° 2° +
9.215x10°7 +1.613x107 z° +1.935x107 z° +1.613x107 z* +

V(z)= 9.215x10%7° +3.456x10°® 22 + 7.679x10° z + 7.679x10™°
7'°-8.2217° +30.872° -69.827 +105.22° -110.72° +

82.19z7* - 42.597° +14.747% -3.0772 +0.2942

The previous function is expanded in
partial fractions to obtain the residues (R), the
poles (P), and the constant of proportionality (kp),
from which, we obtain:
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[ -0.024112 + 0.00029654i [0.99681 + 0.079872i|

-0.024112 - 0.00029654i 0.99681 - 0.079872i
0.061471 0.94251
-6.3495¢-05 - 0.00010723i 0.69674 + 0.51301i
R= -6.3495¢-05 + 0.00010723i o 0.69674 - 0.51301i
0.00042055 + 0.00056017i |’ 0.74883 + 0.42447i |
0.00042055 - 0.00056017i 0.74883 - 0.42447i
-0.0028222 - 0.0018376i 0.81208 + 0.26846i
-0.0028222 + 0.0018376i 0.81208 -  0.26846i
| -0.0083152 | 0.76928

kp=2.6101x10° and h=8x107

with these data the solution of the
differential equation is formed as “()==m(~"?),
where n is the sample number and (") means a
vector operation element by element; the first
sample must be corrected with the constant of

proportionality with V(l) - V(1)+ kp/h .

Equation in differences solution from z

When doing the process of having a difference
equation starting from the z transform, with

h=2x10"" the following expression is reached,

v(n—0)-7.6398v(n—1)+25.58v(n—2)—49.03v(n—3)+58.84v(n—4)
—45.272v(n—5)+21.809v(n—6)—6.0139v(n—7)+0.72684v(n—8)

=8.434x10""sin((n—0)h)+6.7472x10"sin((n-1)h)
+2.3615x10™ sin ((n—2)h) +4.7231x10 ™ sin((n-3)h)
+5.9038x10"° sin((n—4)h)+4.7231x10™ sin ((n-5)h)
+2.3615x10"°sin ((n—6)h) +6.7472x10 " sin((n—7)h)
+8.434x10™ sin((n—8)h)

Reducing the right part of the equation
with the identity
Asin(n—k)= Asin(n)cos(k)—Acos(n)sin(k)
we obtain,
v(n—0)-7.6398v(n—1)+25.58v(n-2)
~49.03v(n—-3)+58.84v(n—4)-45.272v(n-5)
+21.809v(n—6)—6.0139v(n—7)+0.72684v(n —8)
= -2.7596x10™° COS(nh) +3.4422x107 sin (nh)

The solution to this equation leads to
v(t) =sum(R.x P")—0.60376 cos(nh)—0.0074491sin(nh)
with

~0.00080109-0.0015378i | [0.9483 +0.15593i ]

—0.0008011+0.0015378i 0.9483 —0.15593i

0.0052847 +0.0077361i 0.95272+0.12546i
R 0.0052847 —0.007736i P 0.95272 —0.12546i

—0.03536 - 0.024464i ' 0.95777 +0.076776i

—0.03536 +0.024464i 0.95777-0.076776i

0.76748 0.98531
| -0.10196 | |0.93686 |
and h=2x10?
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Equation in differences solution from finite
Newton differences

The direct implementation of the high-order
differential equation in finite differences is
unstable, so we proceeded to obtain the difference
equation from which the coefficients and roots
were obtained, with h =8x107

[-0.00087625 - 0.0016603i | [ 0.9802 + 0.062997i |
-0.0008768 + 0.0016592i 0.9802 - 0.062997i
0.0055132 + 0.0081145i 0.98164 + 0.050687i

R 0.0055127 - 0.0081064i p= 0.98164 - 0.050687i
-0.036124 - 0.025104i 0.98327 + 0.030904i
-0.036126 + 0.025101i 0.98327 - 0.030904i
0.76761 0.99402

| -0.10348 | | 0.97468 |

and h=8x107

So, the solution is obtained as,
v(t) = sum(R.x P")+-0.60376 cos (nh)—0.0074491sin (nh)

Analyzing the absolute values of the roots
of the difference equation, these are greater than
unity and therefore the solution is unstable, for
this reason it is not included in the simulation
results.

NOTE: For this equation we use only 15-
time steps because for short At we do not obtain
good results. These time steps are listened in
table 19.

Table 19
Position of each used At.

Pos | Atinsec | Pos | Atinsec | Pos | Atinsec
1 2e-05 6 | 0.0008 11 0.04
2 4e-05 7 | 0002 12 0.08
3 8e-05 8 | 0004 13 0.2
4 0.0002 9 | 0.008 14 0.4
5 0.0004 10 | 002 15 0.8

Figure 7 and 8 show the solution by using
some data; while figure 7 show the obtained
results, figure 8 show the error taking Laplace
method like a reference.
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Error taking Laplace like a reference

Table 20 shows the best solution, that
means, the time steps for which we obtain the
lowest error according with the used error.

Table 20

Errors using different values for A, B, Cand F
A=-le4*wn2, B=-2e6*w, C=0 and F=60 Hz.

Kind of Time Z-domain | Difference | Differences
error domain s from Z Newton
MSEg,,,-| 6.342e-30 | 2.0295e-06 | 2.0983e-09 | 1.0377e-05

15 12 10 9
6.494e-30 | 2.0813e-05 | 1.8988e-08 | 2.5187e-05
1 11 11 10
AREAg,,, 2.3834e-16 | 0.0030792 | 0.0002253 | 0.0084913
1 12 180 10
2.3836e-16 | 0.019035 | 0.0006684 | 0.0090726
6
7 13 11 9
Yogrror | 3.8934e-17 | 0.0004436 | 3.3041e-05 | 0.0012562
1
15 12 10 10
5.0282e-17 | 0.0026695 | 9.7801e-05 | 0.0013342
3 13 11 9
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Conclusions

Figure 2 shows the first cycles of the simulation
and the error taking as a reference the analytical
solution, which was obtained with the Laplace
transform. Likewise, Figure 3 shows the long-
term simulation, that is, until both the results
obtained with the z transform and those of the
difference equation based on this transform are
apparently stabilized.

At first glance it can be seen how the
results obtained starting from the z-transform
have an increasing error, the reason is that a
sinusoidal function is used as a source and the
roots that must be obtained are, however when
doing the analysis, they are. They remained in
position 4 and 5 of the vector of roots and have an
error of, this error, although very small, increases
as the number of samples advances. This error of
course is strictly numerical but it cannot be
removed because it is part of the entire numerical
process, that is, if it is arbitrarily removed, the
solution is not improved.
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Abstract

The article analyzes the energy efficiency of air conditioning (AC) systems with
inverter technology compared to On/Off systems, highlighting the importance of
user behavior in energy consumption. AC is essential for comfort and health, but it
also contributes significantly to CO2 emissions due to high energy consumption.
Inverter technology can reduce energy consumption by maintaining a more stable
internal temperature and reducing operating costs and emissions in comparison with
On/Off systems. However, incorrect use by users, such as turning the AC to
maximum capacity and then reducing it, lead to energy inefficiencies. Thus, users
play a crucial role in the control to improve energy efficiency. It has been studied
that the participation of users in temperature management and the advanced
technologies use optimize energy consumption and reduce environmental impact.
i.e., the adoption of inverter systems and user education are essential to achieve a
more sustainable and efficient use of energy in hot climate areas.

Inverter Technology and the Rele of the User Behaviour: Towards a More
Efficient Use of Energy

| Objectives | Methodology ‘ Contribution

Resumen

Se examina la eficiencia energética de los sistemas de aire acondicionado (AC) con
tecnologia inverter frente a los sistemas On/Off, subrayando el papel del usuario en
el consumo de energia. Aunque el AC es vital para la comodidad y salud, también
contribuye a las emisiones de CO2 debido a su alto consumo energético. La
tecnologia inverter reduce el consumo de energia al mantener una temperatura
interna estable, disminuyendo los costos y las emisiones comparado con los
sistemas On/Off. Sin embargo, un mal uso, como ajustar el AC a maxima capacidad
y luego reducirlo, provoca ineficiencias energéticas. Por lo tanto, el
comportamiento del usuario es crucial para mejorar la eficiencia energética. Se
estudid que la participacion activa en la gestion de la temperatura y el uso adecuado
de tecnologias avanzadas optimizan el consumo energético. La adopcion de
sistemas inverter y la educacion del usuario son esenciales para un uso mas
sostenible y eficiente en climas célidos.

La tecnologia inverter y el rol del comportamiento del usuario: hacia un uso

mas eficiente de la energia
Objetivos ‘

Metodologia | | Contribucion ‘

Evaluate the energy efficiency of
inverter air itioning systems

Conduct experiments on air

Demenstrates the energy

compared to traditional On/Off
systems.

@ ®

Investigate the impact of operating
speeds, setpoint temperatures,
and user behavior on energy
consumption.

N *o@®
¢ I 3R

units ina
setting, varying fan speeds,
temperatures, and environmental
conditions.

Compare enargy consumption
using different refrigerants and air

conditioning units
E0000

IS

of inverter
technology over traditional

systems. I

Highlights the significance of user
behavior and system configuration
in achieving energy savings.

o
X}

Energy efficiency,

Energy consumption comparison.

Inverter technology analyzes,

Evaluar la eficiencia energética de
los sistemas de aire acondicionado
inverter en comparacisn con los
sistemas 1 ici On/Off.

Realizar experimentos scbre

unidades de aire acondicionado en

un salon de clases, varlando las
delos las

5 ®

Investigar elimpacto de las
velocidades de funcionamiento, las
temperaturas de setpoint y el

temperaturas y las condiciones

lambientales.
B=
=

Comparar el consumo de energia

comp del el
consumo de energia.

v &

refrigerantes y
unidades de aire acondicionado

Se demostrs las ventajas de
eficiencia energética de la
tecnologia inverter sabre los
sistemas tradicionales.

0
il

Se destaca la importancia del
comportamiento del usuario y la
configuracion del sistema para
lograr ahorros de energia.

e
XH
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Introduction

Air conditioning in hot areas is mainly used for
thermal comfort and public health reasons. In
regions where temperatures reach high levels,
especially during the summer, air conditioning
provides a comfortable and safe environment by
reducing the temperature and humidity of the
indoor air. This is crucial for preventing heat-
related health problems, such as heat stroke and
dehydration, which can negatively affect
vulnerable populations such as young children,
the elderly, and people with chronic illnesses
(Ebi et al., 2021).

However, the widespread use of air
conditioning carries significant consequences
for global climate change. The main impact
comes from energy consumption (Hilmiyati-
Mas’adah et al., 2023). Fossil fuels make up
80% of current global primary energy demand,
and the energy system generates around two-
thirds of global CO; emissions (Adu et al., 2024).

This additional demand for electricity to
power air conditioning systems can directly
contribute to greenhouse gas emissions,
exacerbating global warming and climate
change. Therefore, while air conditioning is
crucial for human well-being in hot areas, it is
imperative to develop and adopt more efficient
and sustainable technologies, such as less
energy-intensive refrigeration systems (Foster &
Elzinga, 2024).

An alternative is inverter technology,
which adjusts the compressor speed according to
the thermal demand. This reduces energy
consumption by up to 35% compared to
traditional systems, maintaining a more stable
indoor temperature and reducing operating costs
and CO2 emissions (Siriwardhana & Namal,
2017). Implementing this technology in air
conditioning systems is a step towards greater
energy efficiency and sustainability (Ebeed et al.,
2024).

Although the inverter system in air
conditioners is an advanced technology that
promises energy efficiency, its incorrect use by
users can generate contrary results. Many users
turn the air conditioner on to full capacity at first
and then reduce it, which can lead to periods of
overcooling or overheating, thus increasing
unnecessary energy consumption.
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This pattern of manual use, where the
user sets the air conditioner to its maximum
power and then decreases it, creates considerable
energy inefficiencies. According to Liu et al.
(2021), the lack of use of automatic control in
these systems results in higher energy
consumption due to human intervention and
inconsistent usage patterns. It is crucial to
highlight the importance of including occupants
in the control system of air conditioners to
improve energy efficiency. Research has shown
that including users in this process is not only an
economical methodology but also effective for
detecting occupancy and collecting data on user
behavior (Zhou et al. 2024), thus contributing to
a more efficient use of energy(Tang et al.,
2021).In particular, the energy consumption due
to the use of air conditioners in hot humid areas
such as the port of Veracruz, Mexico, represents
around 80% of the total kWh during the spring,
summer, and early season periods in the
educational sector (Vidal, 2016).

Methodology

Two power grid analyzers were used to record
energy consumption when air conditioning (AC)
equipment was operated simultaneously. In the
experimentation, the set point of the operating
temperatures (Interior Comfort Temperature),
the evaporator fan speeds, and of course the time
evolution of the ambient temperature
corresponding to each monitoring cycle, during
more than a year of experimentation, were varied;
since the seasonal efficiency of the equipment
(Resource  Efficiency and Environmental
Efficiency, REEE) will depend on the uses and
habits of the user and of course on the
environmental conditions.

In terms of energy efficiency, R32
refrigerant is typically slightly more efficient
than R410A due to its higher thermal
conductivity and lower vapor pressure, allowing
air conditioning systems to use less energy to
achieve the same cooling capacity. It is
estimated that this difference can translate into
an energy efficiency improvement of around 5%
isotropic  efficiency compared to R410A,
depending on the specific operating conditions
of the equipment. The characteristics of each AC
equipment that was experimented with are
presented in Table 1 (Bobbo et al., 2019; Kim et
al., 2023).

Vidal-Santo, Adridn, Campos-Dominguez, Armando, Vézquez-
Guzmaén, Aldo G. and Castillo-Toscano, William A. Inverter technology
and the role of the user behavior: Towards a more efficient use of energy.
Journal of Engineering Applications. 2024. 11-32: 20-25
https://doi.org/10.35429/JEA.2024.32.11.20.25


https://doi.org/10.35429/JEA.2024.32.11.20.25

Journal of Engineering Applications

22
December 2024 Vol.11 No.32 20-25

Article

Table 1
The characteristics of each air conditioning
unit used in the experiment

Characteristics | Inverter | Inverter | On/Off
Mirago Carrier Mirago

Capacity 12000 12000 12000

(BTU/hr)

Refrigerant R-32 R-410A R-410A

Reported REEE | 16.8 16.8 12.1

(BTUh/We)

Source: (Bobbo et al., 2019; Kim et al., 2023).

The air conditioning (AC) systems were
installed in a classroom of 32 m? or 90 m3, in
which 32,000 BTU of thermal load is required:
so. In the experimentation, the 12,000 BTU
systems were complementary to the 24,000 BTU
system that exists in the room. In the first stage
of testing, the 12,000 BTU equipment was
operated alternately and was energized to 220 V.
The electrical network analyzer was configured
to the voltage operated by the equipment and
although many electrical parameters were
monitored, this study focuses mainly on energy
consumption (kWh). The period of operation, in
the first stage, of the AC equipment was, in most
cases, from 09 to 14 and from 16 to 19 h, with
some variations, and in the second stage only
from 09 to 14 h. The room contained an average
of 11 people during the experimentation, in the
first stage, and an average of 5 people, during the
second stage.

During the experiment, temperatures
inside and outside the room were recorded using
J-type thermocouples. Data acquisition was done
using trademark technology and software, and
the complete design of the SCADA system is
described in detail in another article written by
the same authors (Campos-Dominguez et al.,
2024). In the second stage of the
experimentation, only inverter systems of two
different brands were worked on, which were
also operated alternately and simultaneously.

Results

Figure 1 shows the comparison of energy
consumption as a function of ambient
temperature for two devices, both with inverter
technology, operating at different setpoint
temperatures: 24°C (a), 23°C (b), and 22°C (c),
with the fan speed in medium configuration.
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In each of these scenarios, a consistent
trend of reduction in energy consumption is
observed in the Carriero equipment (solid blue
line). This decrease in consumption could be due
to the technology of each of the manufacturers
concerning the compressor, evaporator, and
condenser fans since the Carriero is mid-range
equipment that is 30% more expensive than the
Mirago.

Figure 1

Comparison of energy consumption as a
function of the ambient temperature of two
inverter units operating at a setpoint
temperature of 24°C (a), 23°C (b), and 22°C
(c) and intermediate fan speed

Figure 2 explores the power consumption
as a function of the setpoint temperature, again
using two inverter units operating at average fan
speed. The comparison between different
setpoints shows a clear trend. For ambient
temperatures between 36 and 37 °C, which
represents a very hot day with thermal sensations
of around 45°C, inverter technology is more
appreciated in the AC Carriero at a set point of
24°C and this energy consumption gap is
reduced as the setpoint decreases, that is, the
colder the equipment is required.

Energy consumption (kWh)
2
@

0.8
21 22 23 24
Setpoint Temperatura °C

Figure 2

Comparison of energy consumption as a
function of setpoint temperature of two
inverter units operating at intermediate fan
speed
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Moreover, Figure 3 presents a
comparison of energy consumption as a function
of ambient temperature, contrasting equipment
with inverter technology (blue line) and a device
with On/Off technology (orange line) operating
at setpoint temperatures of 22°C (a) and 23°C (b)
with medium fan speed. This figure highlights
the  significant  differences in  energy
performance between the two technologies.
Inverter systems show significantly lower
energy consumption compared to On/Off
systems, particularly at higher temperatures. The
blue line, representing the inverter system,
shows a flatter and more stable curve, indicating
a better ability to maintain energy efficiency
regardless of fluctuations in  ambient
temperature. In contrast, the orange line of the
On/Off system shows more inefficient energy
consumption due to the need to turn the
compressor on and off repeatedly to maintain the
desired temperature.

The energy consumption behavior of two
inverter air conditioning units, Carriero and
Mirago, was evaluated in high and medium-
speed configurations within a setpoint
temperature range of 21-24°C and an ambient
temperature of 36-37°C (Figure 1). The results
show significant differences in energy
consumption (kWh) between the two operating
speeds for each unit, highlighting the importance
of an appropriate selection of the operating
speed to optimize energy efficiency. Under high-
speed conditions, the Carriero unit maintains
relatively stable power consumption through the
various setpoint temperatures, with a slight
increase to 22°C, followed by a gradual decrease
towards 24°C. On the other hand, the Mirago
unit exhibits greater fluctuation, reaching its
peak consumption at 22°C and drastically
reducing afterward. This variability in Mirago
suggests lower operational efficiency at high
speed compared to Carriero.

Consequently, when comparing the high-
and medium-speed configurations, it is observed
that both units show a reduction in energy
consumption when operating at medium speed.
The Carriero unit, in particular, stands out for its
more consistent and lower consumption profile
at medium speed, which highlights its superior
efficiency in this configuration. Similarly,
although the Mirago unit also reduces its
consumption at medium speed, its fluctuation
pattern persists, with a peak at 22°C before
decreasing.
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Our results show the importance of
proper use of speed settings in inverter air
conditioning systems to maximize energy
efficiency. As Liu et al. (2021) mention, the
incorrect use of these advanced technologies,
such as frequent manual adjustment of
maximum power, can lead to significant
inefficiencies. In this context, it is crucial to
promote the use of automatic control and the
participation of occupants in the temperature
management process, as shown by the research
of Tang et al. (2021), showing that the inclusion
of users as a relevant factor in energy studies not
only improves energy efficiency but also
optimizes occupancy detection and the
collection of data on user behavior. This
comparative analysis between operating speeds
highlights that choosing the right speed can
result in considerable energy savings and more
efficient use of inverter air conditioning systems,
especially in high-temperature environments.

The Carriero unit, with its remarkable
performance at medium speed, demonstrates
how an optimized operating setup can contribute
significantly to energy efficiency as can be
reported in other investigation cases (Hrouda et
al., 2024; Liu et al., 2021).

Figure 3

Comparison of energy consumption based on
the ambient temperature of two units, the blue
line is from the inverter and the orange line is
from the On/Off operating at a setpoint
temperature of 22°C (a), and 23°C (b) and
intermediate fan speed

Conclusions

This study highlights the importance of choosing
the right operating speed in air conditioning
systems to maximize energy efficiency. It was
noted that although the Carriero unit is more
expensive, it provides more stable and efficient
performance than the Mirago unit, especially at
medium speeds.
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This superior performance is partly
attributed to the use of R-410a refrigerant in the
Carriero unit, which proves to be more effective
in reducing energy consumption in high-
temperature conditions compared to the R-32
refrigerant employed by the Mirago unit. These
results underscore the need to consciously
employ advanced technologies to optimize
energy efficiency and mitigate environmental
impact. In addition, they open the door to future
research on the incorporation of emerging
technologies such as machine learning and
artificial intelligence into air conditioning
systems. Such technologies could bring
significant improvements in energy efficiency
by dynamically adjusting operating speeds in
real time, taking into account environmental
conditions and usage patterns. By adopting these
innovations, a smarter and more sustainable use
of air conditioning systems could be achieved,
thus contributing to the reduction of overall
energy consumption and developing greener
solutions.

Conflict of interest

The authors declare no interest conflict. They
have no known competing financial interests or
personal relationships that could have appeared
to influence the article reported in this article.

Author contribution

Vidal-Santo, Adrian: Contributed to the
conceptualization, writing-original draft, data
curation, methodology, formal analysis, and
project administration.

Campos-Dominguez, Armando: Contributed to
the methodology, resources and Investigation.

Vazquez-Guzman, Aldo: Contributed to the
formal analysis, writing-original draft, writing-
review & editing.

Castillo-Toscano, William A.: Contributed to the
conceptualization, methodology, formal analysis,
and project administration.

Availability of data and materials

The data used or analyzed during the current
study is available from the corresponding author
upon reasonable request.

ISSN: 2410-3454.
RENIECYT-CONAHCYT: 1702902
ECORFAN® All rights reserved.

Funding
The research did not receive any financing.
Acknowledgments

The authors extend their appreciation to the
Energy Systems Laboratory of the Veracruz
University, Veracruz Region, for generously
conceding permission to utilize their facilities.
Furthermore, gratitude is expressed to the
Faculty of Mechanical Engineering and Naval
Sciences of the Mechanical Electrical
Engineering Educational Program.

Abbreviations
AC Air conditioner

REEE Resource Efficiency and
Environmental Efficiency

SCADA Supervisory Control and Data
Acquisition

References
Antecedents

Adu, D., Jianguo, D., Asomani, S. N., & Abbey,
A. (2024). Energy generation and carbon dioxide
emission—The role of renewable energy for
green development. In Energy Reports (Vol. 12,
pp. 1420-1430). Elsevier Ltd.

Ebi, K. L., Capon, A., Berry, P., Broderick, C.,
de Dear, R., Havenith, G., Honda, Y., Kovats, R.
S., Ma, W., Malik, A., Morris, N. B., Nybo, L.,
Seneviratne, S. 1., Vanos, J., & Jay, O. (2021).
Hot weather and heat extremes: health risks. The
Lancet, 398(10301), 698-708.

Foster, S., & Elzinga, D. (n.d.). Naciones Unidas.
El Papel de Los Combustibles Fosiles En Un
Sistema Energético  Sostenible.  Retrieved
August 21, 2024

Hilmiyati-Mas’adah, H., Sudiro, A., Rohman, F.,
Yuniarinto, A., Hakam, D. F., & Nugraha, H.
(2024). Switching from LPG to electricity in
Indonesia: a study in the Java Bali grid. Cogent
Business & Management, 11(1), 2298221.

Vidal-Santo, Adridn, Campos-Dominguez, Armando, Vézquez-
Guzmaén, Aldo G. and Castillo-Toscano, William A. Inverter technology
and the role of the user behavior: Towards a more efficient use of energy.
Journal of Engineering Applications. 2024. 11-32: 20-25
https://doi.org/10.35429/JEA.2024.32.11.20.25


https://doi.org/10.35429/JEA.2024.32.11.20.25
https://doi.org/10.1016/j.egyr.2024.07.013
https://doi.org/10.1016/j.egyr.2024.07.013
https://doi.org/10.1016/j.egyr.2024.07.013
https://doi.org/10.1016/S0140-6736(21)01208-3
https://www.un.org/es/chronicle/article/el-papel-de-los-combustibles-fosiles-en-un-sistema-energetico-sostenible
https://www.un.org/es/chronicle/article/el-papel-de-los-combustibles-fosiles-en-un-sistema-energetico-sostenible
https://doi.org/10.1080/23311975.2023.2298221
https://doi.org/10.1080/23311975.2023.2298221

Journal of Engineering Applications

25
December 2024 Vol.11 No.32 20-25

Article

Basics

Ebeed, M., Hashem, M., Aly, M., Kamel, S.,
Jurado, F., Mohamed, E. A., & Abd EIl Hamid,
A. M. (2024). Optimal integrating inverter-based
PVs with inherent DSTATCOM functionality
for reliability and security improvement at

seasonal uncertainty. Solar Energy, 267, 112200.

Liu, H., Sun, H., Mo, H., & Liu, J. (2021).
Analysis and modeling of air conditioner usage
behavior in residential buildings using
monitoring data during hot and humid season.
Energy and Buildings, 250.

Siriwardhana, M., & Namal, D. D. A. (2017).
Comparison of Energy Consumption between a
Standard Air Conditioner and an Inverter-type
Air Conditioner Operating in an Office Building.
SLEMA Journal, 20(1-2), 1.

Support

Bobbo, S., Fedele, L., Curcio, M., Bet, A., De
Carli, M., Emmi, G., Poletto, F., Tarabotti, A.,
Mendrinos, D., Mezzasalma, G., & Bernardi, A.
(2019). Energetic and Exergetic Analysis of
Low Global Warming Potential Refrigerants as
Substitutes for R410A in Ground Source Heat
Pumps. Energies, 12(18), 3538.

Kim, M. K., Lee, H., & Jeong, J. H. (2023).
Evaluation of correlations for mass flow rate of
refrigerant through electronic expansion valve in
air—water heat pump system using R32.
International Journal of Refrigeration, 151,
267-277.

Tang, R., Wang, S., & Sun, S. (2021). Impacts
of technology-guided occupant behavior on air-
conditioning system control and building energy
use. Building Simulation, 14(1), 209-217.

Zhou, T., Chen, H., Zhang, N., Han, Y., Zhou,
S., Li, Z., & Zhou, M. (2024). An analogue
on/off state-switching control method suitable
for inverter-based air conditioner load cluster
participating in demand response. Applied
Energy, 363, 123096.

Discussions

Campos-Dominguez, A., Loépez-Huerta, F.,
Castillo-Toscano, W. A., Vazquez-Guzman, A.
G., & Vidal-Santo, A. (2024). Desarrollo de un
sistema SCADA con adquisicion de
temperaturas para comparacion de eficiencia
térmica de aires acondicionados. Ingeniantes, 2,
36-42.
ISSN: 2410-3454.

RENIECYT-CONAHCYT: 1702902
ECORFAN® All rights reserved.

Hrouda, J. O. S. E. F., Cerfian, M. A.R. T. . N,,
& Prochézka, K. A. R. E. L. (2024). A New
Method of Smart Control of Single-Phase
Photovoltaic Inverters at Low Voltage for
Voltage Control and Reactive Power
Management. IEEE Access.

Vidal, A. (2016). Estrategias para mejorar la
eficiencia energética y la sustentabilidad en los
espacios bibliotecarios. In Sustentabilidad en el
entorno bibliotecario y de la informacion (pp.
51-82).

Vidal-Santo, Adridn, Campos-Dominguez, Armando, VAazquez-
Guzmaén, Aldo G. and Castillo-Toscano, William A. Inverter technology
and the role of the user behavior: Towards a more efficient use of energy.
Journal of Engineering Applications. 2024. 11-32: 20-25
https://doi.org/10.35429/JEA.2024.32.11.20.25


https://doi.org/10.35429/JEA.2024.32.11.20.25
https://doi.org/10.1016/j.solener.2023.112200
https://doi.org/10.1016/j.solener.2023.112200
https://doi.org/10.1016/j.solener.2023.112200
https://doi.org/10.1016/j.solener.2023.112200
https://doi.org/10.1016/j.enbuild.2021.111297
https://doi.org/10.1016/j.enbuild.2021.111297
https://doi.org/10.1016/j.enbuild.2021.111297
https://doi.org/10.4038/slemaj.v20i1-2.5
https://doi.org/10.4038/slemaj.v20i1-2.5
https://doi.org/10.4038/slemaj.v20i1-2.5
https://doi.org/10.3390/en12183538
https://doi.org/10.3390/en12183538
https://doi.org/10.3390/en12183538
https://doi.org/10.3390/en12183538
https://doi.org/10.1016/j.ijrefrig.2023.03.020
https://doi.org/10.1016/j.ijrefrig.2023.03.020
https://doi.org/10.1016/j.ijrefrig.2023.03.020
https://doi.org/10.1007/s12273-020-0605-6
https://doi.org/10.1007/s12273-020-0605-6
https://doi.org/10.1007/s12273-020-0605-6
https://doi.org/10.1007/s12273-020-0605-6
https://doi.org/10.1016/j.apenergy.2024.123096
https://doi.org/10.1016/j.apenergy.2024.123096
https://doi.org/10.1016/j.apenergy.2024.123096
https://doi.org/10.1016/j.apenergy.2024.123096
https://citt.itsm.edu.mx/ingeniantes/pdfversion/ingeniantes11no1vol2-esp.pdf
https://citt.itsm.edu.mx/ingeniantes/pdfversion/ingeniantes11no1vol2-esp.pdf
https://citt.itsm.edu.mx/ingeniantes/pdfversion/ingeniantes11no1vol2-esp.pdf
https://citt.itsm.edu.mx/ingeniantes/pdfversion/ingeniantes11no1vol2-esp.pdf
https://ieeexplore.ieee.org/document/10550953
https://ieeexplore.ieee.org/document/10550953
https://ieeexplore.ieee.org/document/10550953
https://ieeexplore.ieee.org/document/10550953
https://ieeexplore.ieee.org/document/10550953
https://www.uv.mx/veracruz/alci/files/2013/09/2016_Sustentabilidad-en-el-entorno-bibliotecario.pdf
https://www.uv.mx/veracruz/alci/files/2013/09/2016_Sustentabilidad-en-el-entorno-bibliotecario.pdf
https://www.uv.mx/veracruz/alci/files/2013/09/2016_Sustentabilidad-en-el-entorno-bibliotecario.pdf

Journal of Engineering Applications

26
December 2024 Vol.11 No.32 26-35

Article

Methodological proposal for the topographic use of UAV compared to the use of

traditional methods

Propuesta metodoldgica para el uso topografico de UAV respecto al uso de métodos

tradicionales

Rodriguez-Gonzalez, José Miguel*?, Gomez-Arizmendi, Gabriela °, Velazquez-Garcia, Jennyfer ¢ and

Carranza-Reyes, Roberto ¢

a ROR Tecnoldgico Nacional de México/TES Valle de Bravo «
b ROR Tecnoldgico Nacional de México/TES Valle de Bravo « **
¢ ROR Tecnoldgico Nacional de México/TES Valle de Bravo «
d ROR Tecnoldgico Nacional de México/TES Valle de Bravo « %

CONAHCYT classification:

Area: Physics-Mathematics and Earth Sciences
Field: Earth and space sciences

Discipline: Geography

Subdiscipline: Topographic geography

L1G-4761-2024 +"~ 0000-0002-3837-7490 « & 1349637
L1G-4897-2024 +~/ 0009-0004-5805-149X «& 1350520
LIK-4505-2024 «“/ 0009-0009-5325-0576 & 2062853
L10-8300-2024 +~/ 0009-0001-4680-224X «& 2063155

i https://doi.org/10.35429/JEA.2024.32.11.26.35
History of the article:

Received: September 01, 2024
Accepted: December 26, 2024

Cheacktfor
. updates
* =4 [jose.rg@vbravo.tecnm.mx]

Abstract

A methodology for topographic surveys using a UAV is presented,
conducted at the Tecnolégico de Estudios Superiores de Valle de Bravo
(TESVB) with a DJI Phantom 4 Pro RTK drone, DJI GNSS DRTK2 mobile
station, and Agisoft Metashape software. The objective is to propose an
effective and precise methodology compared to traditional methods. The
simplified approach allows for accurate position and processing
information, generating digital terrain models. The results offer an efficient
alternative, reducing time by 46.66% with a relative error of 0.64% in linear
measurements and 0.42% in area measurements. Additionally, the UAV's
ability to access various areas and capture real-time data is a significant
advantage. This study demonstrates the potential of UAVs in topographic
applications, although further analysis in different environments is
necessary to fully validate their applicability and accuracy.
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Resumen

Se presenta una metodologia para levantamientos topograficos con un
UAV, realizada en el Tecnoldgico de Estudios Superiores de Valle de
Bravo (TESVB), utilizando un dron DJI Phantom 4 Pro RTK, estacion
movil DJI GNSS DRTK?2 vy el software Agisoft Metashape. El objetivo es
proponer una metodologia eficaz y precisa comparada con métodos
tradicionales. El enfoque simplificado permite obtener informacién precisa
de posicién y procesamiento, generando modelos digitales del terreno. Los
resultados ofrecen una alternativa eficiente, reduciendo el tiempo en un
46.66% y con un error relativo del 0.64% en medidas lineales y 0.42% en
el area. Ademas, la capacidad del UAV para acceder a diversas areas y
capturar datos en tiempo real es una ventaja significativa. Este estudio
demuestra el potencial de los UAV en aplicaciones topograficas, aunque es
necesario un analisis adicional en distintos entornos para validar
completamente su aplicabilidad y precisién.
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Introduction

Surveying is an essential component of civil
engineering. Its theory is mainly based on plane
geometry, space geometry, trigonometry and
mathematics in general.

Several authors define topography as the
science through which positions of points located
on the earth's surface, above and below it, can be
established; therefore, measurements such as
linear and angular distances and elevations are
carried out (Mark & Smith, 2004; Rincon
Villalba, et al., 2017).

Although the conceptualisation of
topography has not changed over the years, the
techniques, instruments and methods of
application have been modified and increased, all
generated by technological progress, from the use
of the tape measure, theodolites and the total
station.

Technological advances have
revolutionised the way in which surveying is
carried out, allowing accurate and detailed data to
be obtained more efficiently. Particularly the use
of Unmanned Aerial Vehicles (UAVS) has gained
popularity for their ability to collect data in
difficult to access areas and their versatility in
generating three-dimensional terrain models
(Remondino, et al., 2011; Westoby, et al., 2012).

Ground survey methods have undergone a
complete transformation, keeping the accuracy of
the product comparable to that of field surveys
(Bangen, et al.,, 2014). High accuracy is not
feasible even with digital aerial surveys due to
flight height limitations. Technically, UAVs can
fly virtually anywhere. Due to their high
flexibility, the location of the platform and its
viewing angle can be changed in a short time
(Lyu, et al., 2023). Even with low-cost
commercially available UAVs, flying at low
altitudes is no longer a problem for the
photogrammetry user community (Krsak, et al.,
2016).

Thus, it is possible to obtain images with
very high Ground Sampling Distance (GSD),
close to 1 cm, which allows users to achieve
remarkable positional accuracy without much
effort.
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Although low-cost drones are used in
topographic surveys, there is still debate as to
which platform, hardware and software are best
suited to achieve the accuracy required for high
quality surveys. With a sufficient number of
accurate Ground Control Points (GCPs) and an
on-board Real Time Kinematic (RTK)
Positioning system with an accurate Inertial
Measurement Unit (IMU), the desired accuracy
can be easily achieved (Famiglietti, et al., 2024;
Martinez-Fernandez, et al., 2024).

GCPs should be carefully selected, well
distributed and visible in multiple images.
Moreover, they must be easily identifiable in the
images obtained.

On the other hand, with Unmanned Aerial
Systems (UAS), the recurrent data acquisition
that many studies require can be performed at any
time. This is, of course, not possible with super-
high-resolution satellite imagery that has a fixed
temporal resolution. This is another factor
contributing to the popularity of UAS (Awasthi,
et al., 2020).

Some of the best classified
methodological developments contain structures
that do not depend on the software used but on the
techniques employed, i.e. to scan a large area of
land, such as a topographic map, a similar
methodology is applied as developed with
traditional methods, except that the photos would
form a ‘blanket’ over the extent of a balloon site.
Such forms of photogrammetry are usually
carried out using UAVS. A topographic survey
and mapping using photogrammetry has been
gaining popularity due to its competitiveness; fast
result, low cost and high accessibility (Lim, et al.,
2021).

The techniques to be used and methods
developed depend on the type of applicability,
which is why the precise definition of a
methodology is complex, as it depends on the
context, equipment and even the experience of the
practitioners (Rus, et al., 2024).

Background

With the variety of products on the market today,
it is difficult to define a specific methodology, as
there are different variables that determine it, the
literature has interesting proposals;
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Wu, et al. (2020) reported a process that
includes the steps; 1) flight range determination,
2) obtaining control points, 3) aerial point
installation, 4) flight plan simulation, 5) flight
mission, 6) photo classification, 7) photo
scanning and 8) layer fitting. This is without
reporting the type of drone and software used.

Karakis, et al. (2020) writes an ambiguous
but effective method, which consists of; 1)
identification of the study area, 2) flight planning,
3) data processing and 4) data correction. He uses
an octocopter with a Canon EOS 450D camera
and does not report the software used in the
processing.

Devoto, etal., (2020) carried out a process
in which they describe 3 general phases that
include stages; 1) Data collection, 1) Post
processing (Control points, 3D Models, DEMs
and Orthomosaics) and I11) Digitisation and data
storage (map and image characterisation), using a
DJI Mavic drone and with the use of two
softwares Agisoft Metashape and QGIS.

Cortes Ospina (2021) proposes 4 phases;
flight planning, ground support, photographic
registration, image processing and calculations,
using a 6-propeller multi-helicopter with a Canon
EOS M camera and Agisoft Photoscan processing
software.

Hao et al., (2023) outlines the following
steps; 1) site survey, 2) UAV route planning, 3)
flight height, speed and overlap rate adjustment,
4) ground control point (GPS) layout, 5) aerial
photography, image collection, 6) image
processing, 3D point cloud modelling, 7)
discontinuity extraction and 8) accuracy
verification. Using a DJI Matrice 300 RTK drone
and GeoSMA-3D processing software.

Astor, et al. (2023), by means of an
analysis to know the conditions of the working
pavement by means of; 1) problem identification
(drone flight on the road), 2) definition of
potential solutions (3D model by means of image
capture), 3) behaviour study (Study of the
images) and 4) analysis and evaluation (Statistical
evaluation and comparison with conventional
methods). A DJI Phantom 4 Pro drone, geodetic
GPS and Agisoft Methashape software were used
in the study.
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Wang, et al. (2023), in their reported work
for bridge risk analysis opts for the phases of; 1)
flight plan, 2a) 3D reconstruction, 3a)
visualisation of geometric variables, 4a) capacity
model, 4a.a) demand model, and 2b) location, 3b)
safety verification and 4b) seismic hazards. Using
a DJI Mavic 2 Pro drone and Agisoft Metashape
Software

Dmytro Stelmakh, et al. (2024), the
methodology he writes deals with the
reconstruction of a structure takes a method based
on; a) flight plan, b) taking photographs, c)
analysis of photographs and detection of defects,
d) construction of the 3D model and e)
recommendation of the defects found. Using a
DJI AIR 2S drone and 3DF Zephyr software.

On the other hand, Siafali & Tsiorias
(2024), in their study using UAVs present an
approach for surface deformation estimation in
road and forest trail networks, using a fixed-wing
SenseFly eBee drone, mounted with a 3D
S.O.D.A. camera and using PIX4Dmapper
software, where they propose; 1) area survey, 2)
flight planning, 3) data collection, 4) data
processing and model generation.

In a comparative study of sensors,
recently in Italy Ciccone et al. (2024), carried out
a survey study of an archaeological site, where
they compared the use of multispectral sensors
mounted on two drones; a DJI Phantom
Multespectral drone and a DJI Mavic Enterprise
Advanced drone, using the PIX4D Field software,
were able to obtain images in different seasons of
the year and thus have a survey study with a
substantial amount of data.

Materials and Method

In the quest to propose a method that is based on
the context of conducting the survey, this work
represents a technological advance that enters
into the revolution of the way topographic
surveys are conducted, marking a significant
difference with the methods of the ‘past’.
Previously, topographic surveys were first carried
out with tape-measure measurements. Then, with
technological advances, the theodolite appeared,
and finally the total station was introduced. In this
field, the DJI Phantom 4 Pro RTK drone (Figure
1) has emerged as a tool in geospatial data
capture, thanks to its centimetre accuracy and its
ability to integrate Global Positioning Systems

(GPS) and satellite navigation.
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Figure 1
Dron DJI Phantom 4 RTK with remote control

The DJI DRTK 2 GNSS mobile antenna
(Figure 2) was also used, which provides real-
time differential data, allowing centimetre-
accurate positioning to be achieved. The
integrated high gain antenna ensures better
reception of signals from multiple satellites, even
in situations where the signal is obstructed.

Figure 2

Mobile antenna GNSS DJI DRTK 2

On the other hand, we can combine these
tools with the features of Agisoft Metashape
image processing software, which has proven to
be an effective solution for the generation of
detailed and accurate topographic models from
aerial images.

The purpose of the study is to present a
complete  methodological ~ proposal  for
conducting topographic surveys using the DJI
Phantom 4 Pro RTK drone, the DJI DRTK 2
GNSS mobile antenna and the Agisoft Metashape
software. It should be clarified that the decision
was taken to compare the measurements made
with a Sokkia iM-50 total station because of the
lack of the original plans and otherwise because
there are no.
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Figure 3

Sokkia iM-50 Series Total Station

The DJI Phantom 4 RTK is a drone
specifically ~ designed  for  professional
applications in surveying and mapping, precision
agriculture,  disaster ~ management  and
environmental research. It features RTK
integration that provides centimetre accuracy,
making it ideal for work that requires high
accuracy in geospatial data collection. (Taddia,
Stecchi, 2019).

Table 1

DJI Phantom 4 RTK Drone Technical
Specification
Technical
characteristics
RTK positioning | This system allows a horizontal
system accuracy of 1 cm + 1 ppm (parts
per million) and a vertical accuracy
of 1.5 cm + 1 ppm, which is
significantly higher than
conventional GPS systems.
Cameraand sensor | 1-inch, 20-megapixel CMOS
sensor, providing high-resolution
(FHD) images. The mechanical
shutter eliminates rolling shutter
distortion, ensuring clear and
accurate images are captured, even
when the drone is in motion.
Mapping accuracy | It can generate 3D maps and
orthomosaics with aerial survey
accuracy,

offers a maximum flight time of
approximately 30 minutes.
Compatibility with | Compatible with DJI's D-RTK 2
base stations mobile station, which provides
real-time differential data for even
greater accuracy. In addition, it can
be used with RTK NTRIP
(Network Transport of RTCM -
Internet Protocol) networks to
extend its versatility in different
environments.

Specification

Flight time
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The DJI DRTK 2 mobile GNSS antenna
IS a high-precision base station designed to
provide real-time differential data to drones and
other navigation equipment. This antenna is
compatible with a wide range of DJI drones,
including the Phantom 4 RTK, Matrice 300 RTK,
and other models, allowing them to improve the
accuracy of their positioning systems (Taddia,
Gonzélez-Garcia, 2020).

Table 2
DJI DRTK 2 GNSS Mobile Antenna
Technical Specification

Technical Specification
characteristics

Positioning Horizontal: 1 cm + 1 ppm
accuracy Vertical: 2 cm + 1 ppm

Constellations
GNSS

GPS: L1, L2
GLONASS: F1, F2
BeiDou: B1, B2
Galileo: E1, E5a

Update frequency

1 Hz, 2 Hz, 5 Hz, 10 Hz, 20
Hz

Communication UART
interface Ethernet
OcuSync
Wifi
4G

Environmental Degree of protection IP57

resilience (dust and water) Operating
temperature:-20°C-55°C
Compatibility Drones DJI: DJI Phantom 4

PRO RTK, Matrice 300
RTK

Con redes NTRIP (Network
Transport of RTCM -
internet protocol).

The professional Agisoft Metashape
software works for photogrammetric processing
of digital images and the generation of 3D
geospatial data. It is designed to convert 2D
images into accurate three-dimensional models,
enabling advanced applications in various fields.

The selected terrain is the esplanade of the
Tecnologico de Estudios Superiores de Valle de
Bravo, located in the municipality of Valle de
Bravo, State of Mexico, Mexico, (Figure 4)
coordinates (19°14'18 ‘N 100°07'53 "W). The
terrain definition is shown in Figures 4 and 5,
taken using Google Earth.

ISSN: 2410-3454.
RENIECYT-CONAHCYT: 1702902
ECORFAN® All rights reserved.

Leyenda

[ Municipios Comndantes.
) Méico

I £stado de Méxco

B valie de Bravo

25 0 25 5 75 10km
(50 m— ]

Figure 4
Location of the study site, location of the
municipality in the State of Mexico

Figure 5
Location of the study site; Tecnoldgico de
Estudios Superiores de Valle de Bravo

Fure 6

Location of the study site; exact location within
the TESVB

After locating the terrain, a topographic
survey was carried out by means of the
conventional method using the reported total
station, as shown in Figure 7.
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Figre 7
Carrying out the topographic survey with the
total station

Based on the formulation, context and
team, the methodology described in Figure 8 is
proposed, where we observe the following
phases:

Box 10

M—» Site recognition
N Control Points
CnaDalL Collection (GNSS
planning
antena)

Contral points
extraction General
software report

Initial report (photo
and logbook)

Data information
extraction

Generation of
g Orthomodel and
point cloud

Data processing in
software

Cabinet work Plan delibery
generation (topography)

Figure 8

Proposed methodology for surveying with the use
of UAV technology

Stage 1

Problem. The justification for the study is defined
and the initial measurement parameters are
established.

Site reconnaissance. A detailed analysis
of the site is carried out, considering the general
characteristics of the terrain that will determine
the process to be followed.
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Initial report. A photographic report of the
site is prepared, documenting the characteristics
observed.

Stage 2

Taking of control points (GNSS). This process is
crucial for the processing and reference of the
project.

On-site flight planning: Based on the
terrain characteristics, the UAV flight is planned
to optimise data collection.

UAV flight: The flight is carried out
following the established planning, monitoring
any possible inconvenience.

Stage 3

Extraction of control points: The necessary
information is collected using the GNSS antenna
and the UAV.

Data extraction: The data collected by the
UAV is extracted for further processing.

Data processing in software: With the
control points and flight data, the data is
processed in specialised software.

General software report: A detailed
processing report is generated according to the
specific characteristics of the project.

Orthomodel and point cloud generation:
From the report, the ortho-model and point cloud
are extracted to produce the topographic plan.

Stage 4

Generation of the cabinet work: Stakeout work is
carried out to generate the final deliverable.

Delivery of plans (topography): Finally,
the topographic plans are delivered, ready to be
used according to the user's requirements.

Following the aforementioned stages, the
terrain survey was carried out using the described
materials. The terrain survey is shown in Figure
6, followed by the survey of control points
(Figure 9) and flight planning, as shown in Figure
10. A 3D flight was chosen to detect possible
irregularities in the terrain, leaving the default

settings in the system for this study.
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Table 3
Working time data for each activity in the survey
using the total station

Activity Working time

Survey 90 min.

Processing 20 min.

Cabinet work 40 min.

Total time 150 min.

Figure 9
Taking of control points with GNSS mobile
stations

Figure 10

Flight planning, as seen from the UAV control

Subsequently, after the extraction of
control points and data, they were processed in
specialised software to obtain final products such
as the orthomodel and the point cloud. With this
information, cabinet work was carried out to
generate the polygon plan with the extracted
topography. Results and discussion The plan
made by the conventional method (Figure 11)
allowed the extraction of time data (Table 4) and
the reference of the plan. In addition, 3 people
worked on it.

Figure 11

Terrain polygon made with the survey using the
total station
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On the other hand, for the UAV survey,
the ortho-model, the point cloud, the polygon
generated from the data collection (Figures 12, 13
and 14), together with the working times (Table
4), are presented.

Figure 12
Orthomodel enhanced in Agisoft Metashape
software

Dense point cloud, showing terrain elevation

and photogrammetric elevation
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Figure 14

Polygon generated from UAV survey

Table 4
Data on the working time of each activity in the
UAV survey.

Activity Tiempo de trabajo
Survey 10 min.
Processing 40 min.
Cabinet work 20 min.
Total time 70 min.

According to Tables 3 and 4, a time
reduction of 46.66% is observed compared to the
use of the total station. In terms of accuracy, the
average relative percentage error of the length of
each side of the polygon is 0.64% and the relative
percentage error of the area taken is 0.42%, which
indicates that the process is relatively efficient, as
we have a relative percentage error of less than
1%.

The final products are suitable for end-
user use, meeting the requirements of accuracy
and usability.

The process is concrete and follows clear
steps; however, further testing on more rugged
terrain is suggested to assess the capability of the
methodology  under  various  conditions.

Conclusions

The proposed methodology is effective for
surveying in terrain similar to the one studied,
where the topography is not very rugged.
However, there is a need to improve the capture
of control points in a more efficient way, since, in
larger areas or terrain with greater relief, the
process may vary due to the processing capacities
required.
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On the other hand, the time needed to
obtain the ortho-model is significantly reduced,
which facilitates the creation of a virtual model
applicable in several areas beyond topography.
Finally, it is worth mentioning that the
methodology fulfils the objective of providing a
tool applicable to topographic surveys, although
it poses the challenge of improving and testing it
in different contexts.
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Abstract

The present research focuses on analyzing the uniaxial compressive
strength of rocks and its relationship with point load index testing. It is
important to note that Seybaplaya, located in Campeche Mexico, is
recognized for its fishing, industrial and commercial activities and where
a rock bench is located from which samples were obtained to carry out
the study. As a result, equations were developed that allow predicting the
simple uniaxial compressive strength based on the values obtained from
the point load index test. It is relevant to highlight that these relationships
are valid only for rocks with lithological characteristics similar to those
used in this study. The analysis results and conclusions demonstrate the
linearity of the relationships between the simple uniaxial compressive
strength and the point load index test.
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Resumen

La presente investigacion se enfoca en analizar la resistencia a la
compresion uniaxial de las rocasy su relacion con ensayo indice de carga
puntual. Es importante sefialar que Seybaplaya se ubicado en Campeche
México, es reconocido por sus actividades pesqueras, industriales,
comerciales y en la que se localiza un banco de roca de la que se
obtuvieron muestras para llevar a cabo el estudio. Como resultado, se
desarrollaron ecuaciones que permiten predecir la resistencia a la
compresion uniaxial simple basandose en los valores obtenidos ensayo
indice de carga puntual. Es relevante destacar que estas relaciones son
validas Unicamente para rocas con caracteristicas litolégicas similares a
las utilizadas en este estudio. Los resultados del analisis y las
conclusiones demuestran la linealidad de las relaciones entre la
resistencia a la compresion uniaxial simple y el ensayo indice de carga
punctual
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Introduction

Every construction project is based on a soil or
rock terrain, with rocks being the fundamental
raw material. It is crucial to assess their strength
when analysing and designing structures, as this
ensures stability from the foundation. In
summary, the strength of rocks is a key factor in
structural design, as they are natural, hard and
compact aggregates, consisting of mineral
particles with permanent cohesive bonds. The
proportion of different minerals, the granular
structure, the texture and the origin of the rock
serve for its geological classification (Gonzalez,
2002).

The behaviour of a block or mass of rock
at its place of origin differs from a sample of
rock material, which shows significantly higher
strength. In addition, blocks of rock often exhibit
structural weaknesses, known as cleavages,
which include fractures, fissures, joints and other
discontinuities. Virtually all of the rocks that
make up the kilometres of the earth's crust are
traversed by fissures and cracks of short extent
(Iriondo, 2006). The diversity in structure, rock
types and their geographical distribution affects
structural damage in engineering works.
Therefore, it is essential to identify these factors
in advance, adapt land use according to their
impact and reduce the wvulnerability of
constructions. This problem is the subject of this
research focused on the characterisation and
mitigation of geological risks caused by
geomorphology, specifically in karst areas, such
as those found in the state of Campeche (Palacio,
2013).

Due to the high cost and complexity
associated with performing the Resistance to
Uniaxial Simple Compression (RCUS) test to
evaluate the behaviour of rocks, it is
recommended to use tests that allow classifying
the physical properties of the rocks involved
(Naal-Pech et al., 2023). This classification will
allow subsequent grouping and characterisation
of the rocks by assigning mechanical behaviour
parameters that are obtained from tests on
representative samples. Determining the simple
compressive strength of a rock is important
because it allows the rock to be classified
according to its strength; it is an important
parameter in the most commonly used fracture
criteria (Delgado, 2013). Sometimes, it is
necessary  to  ignore  the  normative
recommendations due to discontinuities in the
rock mass, which make it difficult to obtain rock
cylinders of adequate length.
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In addition, for rocks with grains larger
than one centimetre, such as granites or
pegmatites, obtaining adequate samples may be
impossible, and if they are obtained, they cannot
be broken with conventional presses. To address
these difficulties, researchers such as (Galvan,
2011) have developed an experimental
correlation between rock compressive strength
and indirect test results or physical
characteristics of the rock under study, allowing
indirect estimates of rock strength to be obtained
cheaply and quickly. Equations based on test
results relating parameters have been developed
using statistical methods of correlation and
linear regression. To estimate the simple
compressive strength of a rock, there are
methods and tests applicable both in the field and
in the laboratory, with variations ranging from
subjective estimates to indirect measurements.
One of the methods used is to obtain the
Compressive Strength at Uniaxial Simplex
(RCUS) through the index properties of the rock
(Galvan, & Restrepo, 2016).

These correlations were derived from
numerous tests and analyses of rock cores, which
allows characterising and relating specific rock
parameters. Several researchers have worked
hard to obtain these correlation equations in
rocks, which were evaluated both in the
laboratory and in the field, allowing to relate the
uniaxial compressive strength (RCUS) and the
point load index. See Table 1.

Table 1
Correlation equations between compression
uniaxial simplex (RCUS) in MPA and point

load rating.
Year | Authors

Correlation Equation
1964 | D'Andrea et al. RCUS=15.3* Is@0) +16.3
1966 | Deere and Miller RCUS=20.7* Is(50)+29.6
1972 | Broch and Franklin | RCUS=24*Is(s0)

1975 | Bieniawski RCUS=23*Is(50

1980 | Hassani et al. RCUS=29%*1s(50)

1981 | Singh RCUS=18.7*Is(50)-13.2
Gunsallus and _
1984 Kulhawy RCUS=16.5*Is(s0)+51.0

1990 | Cargill and Shakoor | RCUS=23*Is(50)+13

1992 | Grasso et al. RCUS=25.67*[Is0)]*%7

1994 | Ulusay et al. RCUS=19*Is50)+12.7

2001 | Kahraman R=8,41*1550+9.51

2003 | Quane and Russel RCUS=3.86*[Is(s0)]?+5.62*Is(s0)

2004 Tsiambaos and RCUS=7.3*[Iss0] "

Sabatakakis
2005 | Fener et al RCUS=9.08*1s(50)+39.32
Akram, M. y Bakar, | RCUS=22.7921*Is(50)+ 13.295

2007 M.ZA.
2007 Akram, M. y Bakar, | RCUS=11.076*Is(50)
M.Z.A.
Cobanogly, I. y _
2008 Celik, S.B. S,B. RCUS=8.66*1s(50)+1 0.85
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Study area

The main wealth of the state of Campeche comes
from important hydrocarbon deposits on its
marine shelf, as well as significant deposits of
non-metallic minerals such as limestone,
gypsum, clays, salt and stone aggregates
(Servicio Geoldgico Mexicano, 2021).

Seybaplaya is located on the ‘Yucatan
Platform’, an extension of sedimentary rock on
the Yucatan Peninsula, which was formed by the
accumulation of marine sediments millions of
years ago and reaches a depth of approximately
200 metres. Its soil is composed mainly of
limestone and clay, and the area is home to oil
and natural gas deposits, which are critical to the
local economy.

It is essential to analyse the rock
characteristics of the bench located in and
around Seybaplaya, known as Mary Carmen,
where a quarry is located. Figure 1 shows the
geographic location of the rock bank, while
Table 2 details the type of material and its
volume.

BANCO DEROCAEN
ESTUDI

Figure 1
Seybaplaya rock bank location in Campeche
state, Mexico.

Tabla 2
Characteristics of the Bank in seybaplaya
called Mary Carmen

State: Campeche
Name of the bank: Mar and Carmen
Kilometre: 1000
Location: PAYUCAN
Coordinates UTM X Y
741570.00 2174740.00
Deviation: Right Metres: 0
Type of property:
Type of material: TEZONTLE
Treatment:
Clearance
Volume x 1000 (m3): 500 thickness 0.2
(m):
Likely uses:
Use of explosives: Unrestricted There are no
. . . Quality
Economic aspects: Convenient : Reporte
report:
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Methodology

The most commonly used indirect destructive
test on rocks is point load index and the most
commonly used direct destructive test is simple
uniaxial compressive strength. A systematic
framework is presented to analyse the
relationship between the uniaxial compressive
strength and the indirect destructive test (point
load index) on rocks from the Mary Carmen
bench at Seybaplaya, Campeche. To achieve this
objective and to ensure a structured and logical
process, the steps to be followed are detailed
below:

- Bench exploration and exploitation

- Sample extraction and preparation

- Indirect test (point load index)

- Simple uniaxial compressive strength
test (RCUS).

Each phase is broken down in this section:
Exploration and bench mining

For soil exploration, methods such as open pit,
post hole and auger are commonly used.
However, in rock bank exploration, drilling
methods are used which are often very expensive.
Rock benches must be sampled randomly;
however, some institutions set the number of
drill holes according to the volume of material to
be exploited, without considering the
homogeneity or heterogeneity of the formation.

Sample extraction and preparation A standard
procedure is established for the preparation of
rock core samples according to ASTM 2008
D4543.370238-1. Samples should be straight
circular cylinders with a length to diameter ratio
of 2.0 to 2.5 and a minimum diameter of 47 mm.
In addition, the ends must be polished and flat,
with a maximum tolerance of 0.001 inch, in this
investigation 50 samples of 53.0 mm were used.

Indirect test (point load index)

The Point Load Test (PLT) is performed
according to ASTM D5731-05. This test is also
known as the Franklin test and was introduced in
1970. It is one of the most widely used indirect
tests to determine the strength of rock. This test
is performed by applying a point load of
compression along its diameter to a cylindrical
rock sample until failure. The load is applied by
means of two truncated-metallic cones in coaxial
and opposite position to each other and the cone
dimension is standardised as shown in Figure 2.
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Figure 2
Standardised truncated cone for point load
index test.

The uncorrected point load index is
calculated with equation 1

Is=P*1000/(De)? (1)

Where:

P= Load applied in (kN)

D. = Distance between load-bearing conical tips
(mm)

Is = Point load index, uncorrected (Mpa).

Resistance to simple uniaxial compression test
(RCUS). The uniaxial compression test in
accordance with ASTM D7012-10. The method
used to calculate the uniaxial compressive stress,
Poisson's ratio and Young's modulus of a rock
core (Peng and Zhang, 2007). The simple
uniaxial compressive strength is calculated with
equation (2).

6=RCUS = P/A )

Where:

o = RCUS = simple uniaxial compressive
strength in Mpa.

P = axial load N

A = Cross-sectional area ™2

Simple compression test procedure.

Note the dimensions for evaluating the
cross-sectional area.

Ensure that the universal machine is
calibrated correctly and in optimum condition,
with the reading at zero before starting any
measurements. Position the specimen so that it is
perfectly centred between the compression
platens of the universal machine. Use the control
software to program the machine and run the
compression test properly. Carry out the test
until failure of the specimen is detected,
watching carefully for cracks. Remove the load
from the specimen. Remove the specimen from
the machine and proceed to place a new
specimen, repeating the procedure described
above (Nieto & Avendano, 2015).
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Results

In this research, 50 single uniaxial compressive
strength tests (RCUS) and 50 point load index
tests (PLT or Is) were carried out, and the
following results were obtained (see Table 3)

Table 3

Results of the 50 samples: where ID is the identification
number of the sample, Rcus in MPA, Is in MPA.

Point loading RCUS single uniaxial

ID rate (PLT or | compressive strength in

Is) in MPA MPA
1 3.248 31.6
2 1.283 28.6
3 0.888 46.8
4 0.772 15.2
5 1.912 18.3
6 2.964 11.7
7 1.743 22.7
8 3.143 42.1
9 1.797 53.4
10 0.969 14.9
11 4.339 68.6
12 1.486 8.6
13 1.817 23.2
14 3.548 40.7
15 3.468 43.5
16 3.590 28.7
17 1.949 43.6
18 1.119 55.5
19 1.880 32.3
20 0.854 61.3
21 0.960 78
22 3.459 61.9
23 1.051 42.4
24 5.468 49.1
25 7.117 84.7
26 3.167 72.8
27 2.616 38.1
28 4477 33.2
29 2.469 58
30 3.109 23.9
31 0.522 21.3
32 1.424 40
33 3.519 34.8
34 2.145 43.6
35 2.833 18.5
36 2.836 54.1
37 3.345 45.5
38 2.985 44.1
39 2.298 22.4
40 3.635 35.1
41 0.551 434
42 2.563 374
43 3.007 31
44 4.305 36.5
45 4.461 63.7
46 3.086 15.7
47 2.557 57.6
48 3.601 40.5
49 4.032 65.1
50 3.731 23.3
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Using information from Table 3 to
correlate RCUS and (PLT or Is), in rock samples
from the Seybaplaya bench, we obtain the graph,
see Figure 3. It is observed that the load and
compression index test value, there is an
acceptable R? of 0.7649.

Point load index-compression strength chart

100
= .
T 8 ° ppt
z .

2 6 o o %%

£« ® o To .-

oo 0%, o ®

g3 40 :."9.-‘.. o o=1282(s)
£ 20 .co-"{. o ° R? = 0.7649
£ R 4 '

O 0

0.000 2.000 4.000 6.000 8.000
Point loading index (Is) in MPA

Figura 3
Correlation plot between RCUS and load
index value (PLT) in rock samples

Discussion

With the assistance of an expert, explosives were
used to mine the bench and rock fragments of
considerable diameter were randomly selected
for sampling. During the extraction phase, it was
observed that the drilling rate varied according
to the hardness of the rocks, a fact that was
confirmed by compression tests and the
identification of the samples by their ID. In
addition, it was noted that when water was
injected into the borehole, a white liquid was
generated, indicating the presence of limestone
in the rock. Two samples were extracted from
the same fragment: one for the point load test and
one to assess the compressive strength.

The compression test specimens were
measured with a vernier caliper and cross-
sections were made. This process was
complicated in some cases due to the
disintegration of the specimens, which led to the
length ratio of 2 to 2.5 times their diameter not
being met, forcing another specimen to be drilled
to satisfy the requirements. On the other hand,
the samples tested for the point load index were
also measured with a vernier caliper, complying
with the length - diameter ratio of 1, as
established in the standard.

For the load index test on rock samples,
diametrically shaped tests were carried out on
cylindrical samples.
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The uncorrected point load resistance
index (Is) was determined. This index was
obtained by subjecting a rock sample to a
concentrated point load, applied through a pair
of truncated conical plates, until fracture occurs
in the sample. Compression tests were carried
out in the universal machine using dry samples,
obtaining the expected results, allowing to
observe consistent results throughout the process.

a) It is observed that the rocks present
numerous discontinuities.

b) When examining the RCUS-PLT graph,
it can be seen that there is an acceptable
relationship.

C) When analysing the RCUS-PLT graph, it
is observed that the correlation is linear.

d) It is shown that the dynamite bench
mining method also creates micro-cracks
that continue to damage the resistors.

e) It was observed that the bench material is
of limestone type.

Conclusion

The results obtained in this study represent a
significant advance in rock mechanics in the
state of Campeche. It is fundamental to take into
account that the regression models presented in
this document are applicable and representative
for rocks with similar characteristics to those
used in this research. Among the general
conclusions, the following considerations stand
out: the physico-mechanical parameters of the
rock samples analysed in the study were
determined. A summary of the ranges of these
values is presented below. See Table 4.

Table 4
Range of RCUS values and PLTen rock
samples from the Seybaplaya bench

Mean | Standard

value | deviation Ll

Concept Rango

RCUS en

MPA 8.6 <>84.7|40.14 | 17.9977663 | Mpa
Value

PLT 0.52<>7.12| 2.68 [1.35 Mpa
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